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Introduction

In this report we summarize existing methods that are used to assess connectivity in the various
fields of science that are represented within i-CONN through 15 Early Stage Researcher (ESR)
projects, and evaluate their applicability in problem solving. The methods are categorised either by
research topic or applied approach: 1) emergence and self-organization (i.e., community detection,
patterns prediction and Stochastic Actor-Oriented Models as connectivity methods); (2) critical
nodes detection; (3) measuring connectivity methods (through models of transport processes, indices of connectivity, and Correlation, Mutual Information frameworks) and (4) Input and Output
Analysis.
The structure of the report is as follows. Section 2 provides some basic common theoretical
background used in the report. Section 3 contains the connectivity methods overview categorized
by research topic or approach. For each method presented, we provide: an introduction, specific
related background, the problem that it addresses, important algorithms/framework addressing the
problem, discussion of advantages/disadvantages of the existing methods, and available implementations. Additionally, and most importantly within the context of i-CONN, we discuss whether the
connectivity methods described are interdisciplinary. The description and discussion of each problem ends with a demonstration of the application of one of the methods to some sample data set(s).
Finally, the document concludes with Section 4.

2

Background

In this section we include common and basic background material that is used in the next sections.
For example, we include basic graph theoretical and network science definitions as well as some
eﬃciency measurements such as the growth function and the basic complexity classes.

2.1

Graph Theory Background

A Network or a graph can be used to model a system of a set of entities which may be related to
each other via pairwise relationships. The set of entities define the set V of vertices (nodes) of the
network. The entities could be any set; a set of atoms, molecules, humans, societies, machines, brain
centers, countries, planets, stars or galaxies. These entities may also consist of non-homogeneous
entities, i.e. entities of diﬀerent kinds, e.g, jobs and machines, or humans and projects, etc. The
graph representation is employed when the objective is to study the result of the possible pairwise
relations between these entities. The set of pairs of vertices which are related to each other regarding
the assumed relationship, define the set E of edges of the graph. (u, v) 2 E if and only if u is related
to v. The pair (V, E) define a graph usually denoted as G(V, E). The relationships (edges between
nodes) could be of any kind. For example, they may declare dependency among the involved
entities, conflict, binding, allocation, assignment, (dis)-similarity, friendship, positive or negative
3

relationship. Additionally, an edge (u, v) 2 E can be associated with a particular label or numerical
value providing additional information for the relation between u and v. This extra information
may declare some cost function associated to the edge, for example a real distance, or some financial
cost or benefit paid or gained when going from u to v and is usually referred as the weight of the
edge. This information specifies the so called weight function that is associated with the edges of
the graph, usually denoted by w (E) ! R. A formal definition follows:
Definition 2.1 An undirected, unweighted graph (or simply) a graph is an ordered pair G (V, E)
which consists of a set of vertices or nodes V and a set of edges E, each of which is an unordered
two element subset of V (E ✓ V ⇥ V ).
A weighted graph is a graph G(V, E) for which each edge e = (u, v) 2 E is associated with a
real value weight w (e) specified by some function by w (E) ! R , which measures the relation of
the end points of the edge. The vertices that identify an edge, are called this edge’s endpoints. Each
edge is considered to be adjacent to its endpoints. We indicate the number of vertices and edges
of a graph by n and m respectively. We call the number of vertices the order of the graph and the
number of edges the size of the graph. A directed graph (or digraph) is defined in the same way, with
the exception that this time the edges are ordered pairs instead of sets (i.e., (v, u) 6= (v, u)). We
say that edge (v, u) is an edge directed from v to u. Graphs that contain all possible edges between
vertices (n (n 1) /2) for undirected graphs) are called complete graphs. The complete graph with
|V | = n is represented as kn .
A very common way of representing graphs, is by using an adjacency matrix. Specifically, for
a graph with n vertices, we have an n ⇥ n matrix A whose element Ai,j is 1 if there is an edge
connecting vertices i, j and 0 otherwise. The diagonal elements of the matrix are always 0, if there
are no self loops. If the graph is undirected, the matrix is symmetrical, meaning that Ai,j = Aj,i .
In the case of digraphs, Ai,j = 1 means that there is an edge that goes from i to j. If there is no
edge from j to i, then Aj,i = 0. If a graph is weighted, we also have a n ⇥ n weight matrix W, where
Wi,j denotes the weight of the edge between nodes i and j.
A graph G0 = (V 0 , E 0 ) is a subgraph of graph G = (V, E) if V 0 ✓ V and E 0 ✓ E. If G0 contains
all edges that join vertices V 0 in G , we say that G0 is induced by G. A walk of a graph G=(V,E), is
defined as a sequence of edges, (v1 , v2 ) , (v2 , v3 ) , . . . , (vi , vi+1 ) , (vi+1 , vi+2 ) , . . . , (vk 1 , vk ) ,. A trail
is a walk with no repeated edges. A path is defined as an open trail, with no repeated vertices. A
shortest path between two vertices, v and u, is the path with the smallest number of edges connecting
v and u; for unweighted graphs, and the path with the smallest sum of edge weights connecting v
and u, for weighted graphs. The number of edges (or the sum of weights) of a shortest path between
two vertices v and u, is said to be the distance of the two vertices in G. A cycle is a closed trail
where no vertex apart from the first-last vertex is repeated.
A graph is connected if there is at least one path between any pair of vertices. Every maximal
(in terms of number of vertices) connected subgraph of a graph is called a connected component. A
graph without cycles is a forest. A connected forest is called a tree. By definition, in a tree we can
only have one path between any pair of vertices. A subgraph G0 = (V 0 , E 0 ) of G = (V, E) , where
V’ = V and is a tree, is a spanning tree of G. We call the spanning tree of G with the maximal sum
of edges, the maximal spanning tree of G. We equivalently define the minimal spanning tree of G.
We call graph G=(V,E) bipartite, if we can partition V into two subsets S, V \ S in such a way that
every e 2 E connects a vertex from subset S to a vertex from subset V \ S.
For a graph G(V, E), the degree of a node v 2 V is the number of edges incident to the node,i..e.
deg(v) = |u | (v, u) 2 E|. For directed graphs, the corresponding notion distinguishes to out-degree:
degout (v) = |u | (v, u) 2 E|. or in-degree: degin (v) = |u | (u, v) 2 E|. The notion of (in/out-)degree
is also called as (out/in-)degree centrality of a node.
The betweenness centrality of a vertex v, introduced by [63], g (v) is a measure given by the
P
expression: g (v) = s,t6=v stst(v) , where st is the total number of shortest paths from node s to
4

node t and st (v) is the total number of these paths that contain v. It is apparent that this is a
vertex centrality measure that indicates the extent to which a vertex lies on paths between vertices.
The diameter of a connected graph is the maximum shortest distance between any two vertices.

2.2

Computational Complexity

The running time of an algorithm is not computed in an absolute value (of the time elapsed until the
termination of the algorithm), but by the number of basic operations the algorithm needs. Obviously,
this is a function of it’s input size, denoted by n. Thus, we are only interested in the growing rate
of the problem’s time complexity, as a function of its size. The Big-O notation O() represents the
upper bound of the running time of an algorithm, in the worst case of an input. Thus, it gives
the worst-case time complexity of an algorithm. In particular, for a function f (n), we say that
f (n) 2 O(g(n)), if f (n) is bounded from above by the function g(n) multiplied by some constant.
Using the Big-O notation, various problems are categorized according to their diﬃculty to be
solved, using the Turing machine model of computation [190]. The most important of such computational classes are the class P (polynomial) and N P (nondeterministic polynomial time): The
class P contains all problems that can be solvable in polynomial time (by a deterministic Turing
machine), as a function of the size n of the problem, that is, in time O(nk ), for some constant
k. The class N P that contains all problems for which their answer can be verified in polynomial
time. Obviously, P ✓ N P. The hardest problems in the class N P (under some polynomial time
reduction) are called N P-complete problems. Many fundamental computational problems have been
proved to be N P-complete, such as the maximum clique and the minimum vertex cover [67]. Unfortunately, there is no known polynomial time solution to any of the N P-complete problems. On
the other hand, solving an N P-complete problem implies a solution to all problems in N P (and in
the class P). Finally, the question whether P = N P, is on of the most important open problems
of Theoretical Computer Science. For more details on computation complexity one can refer to the
classic book of Garey & Johnson [67].

2.3

Optimality

A common way to evaluate the quality of the solution obtained by a given method/algorithm,
is to compare the solution obtained to the optimal solution for the problem. This is not always
easy, since it requires some knowledge of the optimal solution. There are many known methods
for which their optimality has not been proven. On the other hand, many algorithms have been
proved to approximate an optimal solution within a constant ratio k. Such an algorithm is called
the k-approximation algorithm for the problem.

3

Connectivity Methods by Research Topic or Approach

In this section, important connectivity methods used by ESRs within i-CONN are presented, grouped
by Research topic or Approach. For each method presented, we include: related specific background,
the problem that it addresses, important algorithms/framework addressing the problem, discussion
of advantages/disadvantages of the existing methods, available implementations. Additionally, and
most importantly, we discuss whether the connectivity methods described are interdisciplinary. The
description and discussion of each problem ends with a demonstration of the application of one of
the methods of some sample data set(s).

3.1

Emergence and self-organization

In this section we present connectivity methods related to emergence and self-organization: (1)
community detection, (2) patterns prediction and (3) Stochastic Actor-Oriented Models.
5

3.1.1

Community Detection Methods

In this section we discuss community detection methods as a connectivity method for emergence
and self-organization problems.
3.1.1.1 Problem Specification. For a system of entities, where a graph/network modeling
applies, the graph clustering problem concerns the task of finding groups of vertices of the graph,
called clusters or communities, such that the vertices within each group are highly connected to
each other and while the inter-crossing connections between vertices of diﬀerent groups are as few
as possible. Communities indicate groups of vertices of the graph which are highly related to each
other according to the modeling of the system through a graph. A required property of a cluster
(community) is connectedness.
There is no universal definition of the graph clustering problem. However, several measurements
of a cluster are known and all of them have been proved to be successful for various kinds of networks
[62]. Intuitively, a cluster is identified if the number of edges within nodes of a cluster C, called
intra-edges or internal edges, is significantly more than the number of edges connecting vertices of
the cluster to vertices outside the cluster, called inter-cluster edges. Intra- and inter- edges are used
to measure the density of a cluster C which is used to measurethe quality of a cluster. The intracluster density (resp., the inter-cluster density) of the cluster C is the ratio of the number of internal
(resp., inter-cluster) edges over the maximum number of internal edges of C. The larger (resp.,
smallest) the internal (resp., external) density of a cluster C is compared to the average density of
the graph, the higher the quality of the cluster is.
A main application of clustering is to identify groups of elements of similar behavior/properties.
In this case, the underlying graph used captures pairwise similarities between the system entities,
through the edges: the existence of an edge between two nodes indicates a similarity between the
two nodes, above some threshold value. Additionally, weighted graphs can be used to measure
the pairwise similarities among nodes. The corresponding adjacency matrix is also called the similarity matrix. Various similarity functions have been utilized, spanning from Euclidian distances
(measuring dissimilarity) to non-linear functions, such as kernel-based functions [118].
3.1.1.2 Quality Function/Measures. The most popular quality function of a graph cluster is
the modularity of Newman and Girvan [135]. According to this, the quality of the cluster is measured
by the ratio of the number of the edges within the cluster compared to the number of the edges of
a randomization version of the initial graph, which does not exhibit clustering structures, i.e. the
null model. Another important measurement of graph clustering is the cluster coeﬃcient introduced
by [212]. The idea behind this notion is that clusters/communities of high density of edges have
many short cycles (the smallest of them are triangles) consisting only of vertices of the cluster. The
clustering coeﬃcient measures how many of the neighbors of a vertex are themselves neighbors. It
can be defined both as a local and as a global measurement for clustering of a graph.
3.1.1.3 Important algorithms. In this section we describe briefly and intuitively the existing
methods and algorithms for community detection. Also, we discuss important weaknesses and
strengths of the existing methods described and available implementations.
Hierarchical clustering algorithms: Hierarchical clustering algorithms use a similarity function in order to compute how similar every pair of nodes of the graph is to each other. Then, the
algorithm tries to identify communities by grouping together nodes of high similarity. The procedure
could follow either a bottom-up or a top-down approach for their computation, resulting in the so
called Agglomerative algorithms or the so called Divisive algorithms, respectively. According to the
bottom-up approach (Agglomerative algorithm), the procedure starts with clusters as single nodes
(bottom). Then clusters are iteratively merged if their similarity is suﬃciently high, while in the
6

top-down approach (divisive algorithms), the procedure starts with a single cluster consisting of the
whole graph and iteratively split by removing edges connecting vertices with low similarity. The
most popular hierarchical algorithms are agglomerative; available implementations can be found in
Python1 within the scikit-learn module. Hierarchical Algorithms are suitable for networks for which
communities follow some hierarchical structure: the whole graph can be viewed in several levels of
groups of nodes, where within each group of nodes, smaller groups of nodes are included. However,
these algorithms do not discriminate between the many partitions obtained so that to choose how
many levels of hierarchy represent better the community structure of the network. Another weakness
of hierarchical clustering is that they do not scale well, because of the need to compute the similarity
distance between any pair of nodes of the graph (connected or not).
Divisive algorithms: Divisive algorithms follow an iterative procedure of finding (typically)
edges that connect diﬀerent communities and remove them until the graph becomes disconnected.
The connected components that are revealed then identify the communities of the network. Divisive
algorithms diﬀer from hierarchical divisive algorithms in that they remove inter-cluster edges instead
of edges between nodes of low similarity. The most popular divisive algorithm has been proposed
by Newman and Girvan [117] [135]. To choose which edge to be removed, the notion of edge
centrality us used. Edge centrality measures the importance of the edge for the interconnection
between communities of the graph. Girman and Newman used betweenness centrality to express
edge centrality. The edge betweenness is the number of shortest paths between all pairs of vertices of
the graph that run along the edge. The calculation of edge betweenness for all edges can be computed
in time O n2 . The algorithm is suitable for any network. The main weakness of the algorithm is
the need for the re-computation of edge centrality after each edge removal. The algorithm has been
implemented in Python2 within the NetworkX module.
Greedy algorithms. A greedy algorithm for maximizing modularity was proposed by Newman
[[133] in an agglomerative method in which groups of vertices are iteratively merged to form larger
communities if the merging would increase the modularity of the resulting community. Many improved versions of the algorithm are available, including an implementation in C/C++ 3 . Another
greedy algorithm utilizing modularity maximization was proposed by Blondel et al [26] from the
University of Louvain, called the Louvain algorithm. The algorithm is a hierarchical (Agglomerative) clustering algorithm that recursively merges communities into a single node and executes the
modularity clustering on the condensed graphs. It appears to run in time O n2 . The algorithm is
divided into two phases that are repeated iteratively. The first phase starts by assuming a weighted
network of n nodes and a community for each single node of the graph and merges smaller clusters
with neighbor clusters if this results to maximal increase of modularity. In the second phase, the algorithm builds a new network considering communities found in the first phase as nodes and repeats
the procedure. These steps are repeated until there are no changes in the network and maximum
modularity is obtained. A strength of the algorithm is that it is an eﬃcient and easy-to-implement
method. Implementations of the original algorithm as well as improvements of it are available, including an implementation in C/C++, Matlab4 , Python5 , R6 and in Gephi network visualization
software.
Spectral graph clustering algorithms. In a seminal paper in 2006, Newman [134] presented
a way to maximize the modularity function in the process of community detection. This is achieved
by expressing the function in terms of the eigenspectrum of a matrix called the modularity matrix
that captures the diﬀerences between the adjacency matrix of the graph and the randomized version
1

https://scikit-learn.org/stable/modules/clustering.html#hierarchical-clustering
https://networkx.github.io/documentation/stable/reference/algorithms/generated/networkx.algorithms.
community.centrality.girvan_newman.html
3
https://www.cs.unm.edu/~aaron/research/fastmodularity
4
https://sites.google.com/site/findcommunities/
5
https://github.com/taynaud/python-louvaind
6
https://rdrr.io/github/yishaishimoni/phenoClust/src/R/louvain.R
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of the same graph with no communities, based on the Null model of Newman and Girvan [135].
The algorithm uses the eigenvector of the modularity matrix for the largest positive eigenvalue
of the modularity matrix (the leading eigenvector method) and the separating vertices into two
communities based on the sign of the corresponding element in the eigenvector. The main strength
of the method is that it can quickly and accurately identify communities in various kinds of networks,
achieving a time complexity of O n2 logn . Coded implementations of the algorithm are available
in Python and R7 within the igraph module.
3.1.1.4 Discussion and Comments. There is an impressively rich literature of community
detection algorithms [62]. However, the most important open problem of the topic is that there is
no universal definition of the problem or a universal optimality measure.
3.1.1.5 Interdisciplinarity. The definition of the community detection problem does not use
any domain specific notion; thus all of the methods developed are generic and can apply to any kind
of data as long as the nodes attributes are numerical values.
3.1.1.6 Example of use of the method in astrophysics. We describe here an application of
a problem in Astrophysics and in particular the study of galaxy evolution. The goal is to categorize
(cluster) galaxies depending on their physical properties (starburst activity, active galactic nucleus
or AGN (Active galactic nucleus) activity, etc.). An innovative and recent approach to achieve
this goal is through graph theory [59]. Here, we apply graph theory and in particular community
detection in an eﬀort to both categorize galaxies based on physical properties but also to investigate
which of them are correlated. We can get the Spectral Energy that is emitted from a galaxy at
diﬀerent wavelengths, obtaining the Spectral Energy Distribution (SED). The data can come either
from known databases (HELP8 , NED9 ) or even from simulations. As a first approximation we work
on the “fragmented” spectrum, but later we model the data to obtain a continuous/complete one.
There are diﬀerent ways to create a similarity matrix for this type of data, the simpler one probably
being the use of 2 . Based on [105], we calculate the 2 distance for every pair of galaxies (nodes)
P
L L
using: 2 = SED 2i + 2j , Where Li is the flux of galaxy i for every point of the spectrum and i
i

j

the error of the measurement. The smaller the values of 2 the more alike the SEDs are. After
inverting the values of the similarity matrix and setting a threshold (so that the network is barely
connected), we can create the adjacency matrix and obtain the graph shown in Figure 1(a). Then,
we apply the Leading Eigenvector algorthm of [134] to detect communities the graph, shown in
Figure 1(b). These, by the construction of the (similarity) graph, correspond to groups of galaxies
of similar SEDs.
3.1.2

Patterns Predictability

In this section we present Patterns Predictability as a connectivity method for emergence and selforganization problems.
Waves are long-range spatio-temporal patterns that can be observed propagating across a network, primarily from its core to its periphery, in the direction of decreasing degree gradients. These
collective phenomena emerge in various real-world systems including the spread of epidemics, neuronal dynamics or computer networks among others.
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Figure 1: A graph of 111 galaxies at redshift z ⇡ 1 (left) and it’s clustering using the leading
eigenvector algorithm (right). The data were obtained from the HELP database.
In the following, we present a method capable of highlighting and quantifying the presence of
propagating waves across an undirected graph denoted G = (N, E) of N nodes and |E| bidirectional
edges.
3.1.2.1 Problem Specification We present a wave-detection method introduced in [129]. The
method links two notions relative to the graph edges: the hub-set orientation prevalence ⇧ and the
link-usage asymmetry A which are respectively a topological and a dynamical quantity. Next, the
two terms are defined.
Hub-set orientation prevalence
The hub-set orientation prevalence ⇧(H), introduced in [129], is a list of |E| terms of which every
term ⇡ij , defined for a given link (ij) 2 E between a pair of nodes ij = 1...N , indicates the orientation
of (ij) with regards to a hub-set H such that
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if dih > djh
<1
X
⇡ij (H) =
wij (h) where wij (h) = ⇥(dih djh ) = 0
(1)
if dih = djh
>
:
h2H
1 if dih < djh
where dkl is the shortest path length between node k and node l and a hub-set H is the set of
|H| = 1...N highest-degree nodes of the graph.

Link-usage asymmetry
The link-usage asymmetry A is a list of |E| terms of which every term ↵ij , defined for a given link
(ij) 2 E, corresponds to a measured quantity shared between a pair of nodes ij 2 G. For example,
this can be the sequential activation between two nodes in presence of excitable dynamics.
Pattern predictability
The pattern predictability Ppred , introduced in [129], is a list of N terms of which every term pH ,
with H = 1...N , is given by
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where gmax = argmax(ij)2E |ki kj | is the maximal link degree-gradient of the graph, Eg the set
of edges of degree-gradient g of cardinality Ng = |Eg | and C is the Pearson correlation coeﬃcient [21].
This method takes as inputs the graph edges and the measurements of a given dynamical quantity
shared along those edges. It outputs the pattern predictability array P of length N of which every
element pH is the correlation between the hub-set orientation prevalence of links ⇧ = (⇡ij ) and their
link-usage asymmetry A = (↵ij ) as a function of the hub-set size |H| = 1...N .
3.1.2.2 Quality Function/Measures In presence of propagating waves, the pattern predictability as defined above should increase as a function of the hub-set size |H| = 1...N and up to a given
saturation level. This increase is steeper for more hierarchical graph architectures.
3.1.2.3 Existing Algorithms To the best of our knowledge, there are no other previous algorithms for the detection and quantification of wave-like patterns.
3.1.2.4 Important related parameters/notions The introduction of the hub-set orientation
is a central element of the method of [129] as defined in Eq.(1). Coupled to the measurement of
a given dynamical quantity along the graph edges, called the link-usage asymmetry, it is used to
compute the pattern predictability.
3.1.2.5 Eﬃciency The computation scales with O(N ) according to Eq.(2) as there are N pH
term to be computed.
3.1.2.6 Strengths and weaknesses of the algorithm The main strength of the method of
[129] is that it is interdisciplinary, due to the nature of the required inputs. Its main weakness is
that a large data input is necessary. See Sec.3.1.2.9.
3.1.2.7 Suitability Due to the large amount of data necessary to detect waves in global dynamics, this method is well suited for the analysis of model-generated synthetic data. It is more diﬃcult
to detect waves in sparse and noisy data.
3.1.2.8 Software Availability To the best of our knowledge, there is no software available for
the problem of pattern predictability.
3.1.2.9 Discussion and Comments As mentioned earlier, this method requires significant
amounts of data, enough to find in the recorded dynamics the imprints of the network topology
where the hubs act more consistently as wave-emitters. This is a problem we encountered when
applying it on an experimental dataset of MEG signals provided by the AAISCS 1 . This analysis
1
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was further hindered by the biological and technological constraints inherent to the data sampling
process.
3.1.2.10 Interdisciplinary The method is interdisciplinary, the only criteria is a complete
knowledge of the network topology and the measurement of a given quantity along its edges.
3.1.2.11 Application of the method for the Human Brain Connectome graph This
method is first implemented in [129] to detect excitation waves in the case of an SER model. In this
case, the investigated quantity is the sequential activation of nodes.
During the simulation of an SER model, a node occupies one of the three states: susceptible (S),
excited (E) or refractory (R). For a pair of nodes i, j = 1...N , the sequential activation is given by
(
X
1 if i is E at time t
sij =
ci (t)cj (t + 1) where ci (t) =
.
(5)
0 if i not E at time t
t

Then, correlating the accumulated sequential activations with the hub-set orientation, we observe
the propagation of excitation waves across the network, primarily from the core to the periphery of
the graph as in [129].
Beyond excitation waves, we obtain positive results when analyzing this same system for the
detection of waves of mutual information [98, 99] where the state of a node translates into bits of
{1, 0} whether the node is excited (E) or not (S,R). As an example, after running nbruns = 100
simulations of nbsteps = 10000 of the SER model on the Human Brain Connectome graph [178],
we compute the mutual information shared along the edges and obtain the pattern predictability
given in Fig.2. The observed increase and saturation level of the pattern predictability indicates a
significant relation between the hub-set orientation of links and the measured asymmetrical mutual
information distribution which points to the presence of wave-like patterns propagating from the
core to the periphery of the network.
For comparison, we apply this method on the mutual information resulting from experimentally
recorded MEG signals are indicated in Sec.[3.1.2.9]. This data sample is also mapped on the Human
Brain Connectome and results from nbtrials = 80 trials of duration t = 700 ms recorded from a
diﬀerent subject each. The corresponding pattern predictability plot is given by Fig.3. We observe
in this case, unlike in the previous one, a weak pattern predictability indicating poor correlations
between hub-set orientation and link-usage asymmetry. This week pattern predictability is likely
caused by the relatively small amount of data available, but also by the noise introduced by the
considered experimental set-up.
Besides, although we have not conducted any numerical experiments on models other than the
SER model, this method is possibly also applicable to other types of excitable dynamics including
the Fitzhugh-Nagumo [60, 131] and the Hodgkin-Huxley [80] models, or eventually for the analysis
of other collective patterns such as avalanches or synchronization phenomena.
3.1.3

Stochastic Actor-Oriented models

SNA and stochastic modeling can potentially address a wide array of connectivity problems. We
focus here on the problems of emergence and self-organization.
3.1.3.1 Related Background: Emergence and self-organization from a SAOM approach. We define emergence as a quality of a whole10 or complete network, in which individual
nodal tendencies, local processes as well as structural patterns at a more micro-level, give rise to
behaviors or properties found at the macro- or network-level. In this work, we focus on the network
10
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Figure 2: Pattern predictability based on the mutual information accumulated over nbruns = 100
simulations of nbsteps = 10000 steps of the SER model on the unweighted Human Brain Connectome
graph G = (N, E) with N = 989 nodes and |E| = 17865 edges, considering a recovery probability
p = 0.02, a spontaneous excitation probability f = 10 4 and an excitation threshold k = 1.

Figure 3: Pattern predictability based on the mutual information accumulated over nbtrials = 80 trials of duration t = 700 ms of experimentally recorded MEG signals on the Human Brain Connectome
graph G = (N, E) with N = 989 nodes and |E| = 17865 edges.
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topology as an emergent feature. To illustrate the latter, Stadtfeld et al. [179] are a good example
as they study the emergence of structural groups11 in friendship networks as a macro-level
outcome, which they theorise to result from two types of micro-level social mechanisms: forces of
attraction (mechanisms explaining why positive ties within groups are created) and forces of repulsion (mechanisms explaining why positive ties are less likely to exist between groups). Among the
best-known positive mechanisms, the forces of attraction, are reciprocity, transitivity, popularity
and homophily. These positive mechanisms lead to group cohesion, however, each of them also has
their negative counterparts, such as reciprocal negative ties, negative popularity and heterophobia,
which in turn help explain the emergence and stability of boundaries [179].
Robins et al. [156] studied the way in which locally specified eﬀects can produce a particular
type of global topology: The small world network topology. When a network displays this
particular topology the global network feature of average path length is rather short [156] meaning
that its shortest mean path length is similar to a random graph with the same number of nodes and
edges [87]. The emergence of this network topology is caused by local mechanisms that result in the
prevalence of short paths between nodes. Some examples that Robins et al. [156] present for this
are, first, a tendency for clustering (based on transitivity), which in the social context can mean
that actors tend to agree on possible partners; and second, a tendency towards building few, but
strong ties. The latter tendency would result in actors having more than one network partner, yet,
not too many, as the cost of maintaining these ties would be too high (i.e. tending towards less, but
stronger ties). It is thus this combination of local transitive mechanisms and the tendency to focus
on few, close ties, which gives rise to the small world phenomenon [87].
Finally, Prell and Lo [150] demonstrated how a fragmented, sparse network topology
emerged from actors forming ties to occupy a brokerage position. Here, the micro decisions of
individual actors, only thinking about forming ties that best meet their (local) goal of occupying a
brokerage position, overtime gives rise to a network topology composed of a number of disconnected
subgraphs.
What is social network analysis?
Social network analysis (SNA) studies the patterns of edges (social relations such as friendship,
advice, trade or exchanges) among nodes (social entities such as individuals, groups or institutions)
to understand how those patterns relate to specific outcomes, either at the individual node level or
the network as a whole [211, 171, 48, 149]. SNA is a methodological approach informed by graph
theory, matrix algebra, and statistics which can be adopted for studying complete networks, i.e.
social relations on a bounded set of actors; or ego networks, i.e. social relations surrounding a
particular focal actor (ego). Those networks are visualised as graphs whereby the nodes represent
the actors and the edges represent the social connections between them. SNA graphs can be either
directed or undirected. An example of an undirected graph is Facebook: If you want to become
friends with someone, this person needs to accept you as a friend, so this is a mutual edge that goes
in both directions and is therefore undirected. Twitter on the other hand is an example of a directed
graph: If you follow someone on Twitter, the person or organisation might follow you back but it is
not mandatory. Hence, the edge only goes in one direction. In this section, we oﬀer an overview of
SNA on complete networks with undirected edges.
In studying complete networks, preference is usually given to investigating relations as states
versus events. A state relation is characterized by a certain amount of stability, e.g. kinship,
friendship, collaboration, trade flows between nation states, or belonging to the same church. Events,
however, are temporary and sporadic, e.g. attending the same conference, sending an email, or
talking with someone [149]. A distinction is often given to the strength of ties, with weak ties such
as acquaintanceship being often seen as linked to such resources as new information, as well as the
11
structural groups according to [179] are characterised by the structural outcomes of group cohesion and group
boundaries being present.
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formation of more open structures such as 2-stars or brokerage positions. In contrast, strong ties
such as marriage or close friendship are typically linked to more complex information, trust, or social
support, and are seen as forming into more closed structures such as closed triangles or cohesive
clique formations [71]. In addition to relational data, data on actor attributes and/or behavior are
gathered, according to the research questions of interest. For example, how job status or promotion
relate to advice relations [37]. Or how patterns of trade relations correspond with countries’ levels
of GDP per capita (e.g. [150]).
Once social relational (edge) data on actors (nodes) are gathered, analyses proceed, usually,
in a two-step fashion. In the first step, descriptive analyses are conducted to capture structural
patterns. These include various kinds of centrality, e.g. degree, betweenness, or eigenvector block
models, clustering, density and centralization. In the second step, stochastic models are employed
to test hypotheses and explain the structural tendencies of the network. Such models are specially
designed for handling the interdependencies of network data, and can be used for analyzing both
cross-sectional and longitudinal network data. A popular stochastic model for cross-sectional analyses is the Exponential Random Graph Model, or ERGM [157]. Models for longitudinal analyses
include time-discrete models that build upon the ERGM framework, e.g. the Temporal ERGM
[106]. Another model for longitudinal analyses is a continuous time-based model referred to as the
Stochastic Actor-Oriented Model, or SAOM [177], which is also capable of handling co-evolutionary
tendencies, i.e. how changes in network topology co-evolve with changes in attributes or behaviors
of actors. There are articles that outline the similarities and diﬀerences between these modeling
environments [25, 106, 120]. In the remainder of this section, we focus on SAOM, and demonstrate
how it can be applied for analyzing co-evolutionary tendencies in empirical trade data, and also,
how it can be adapted to simulate networks at a larger scale.
3.1.3.2 Stochastic Actor Oriented Models (SAOMs) for dynamic co-evolutionary network analysis. The Stochastic Actor-Oriented Models, or SAOMs [177, 180], are a probabilistic
modeling environment designed for teasing apart co-evolutionary tendencies pertaining to network
formation and changing nodal (or actor) attributes. They try to evaluate which (combinations
of) micro-mechanisms (eﬀects) lead to the dynamics that shape the emergent network topology.
Dynamics here are defined as processes over time and that represent interactions between actors,
including linear interactions as well as feedback loops. As an actor-oriented model, a SAOM treats
changes to ties or attributes as occurring from the viewpoint of the actor. Therefore, model results represent probabilistic tendencies organized around the individual actor (and not necessarily
reflective of a hard assumption that actors are consciously intentional in their choices, see Ripley et
al. [154, pg. 10]). One model (the network selection model) accounts for changes in networks by
considering endogenous network eﬀects (e.g. reciprocity eﬀect), as well as exogenous ones involving
actor attributes (e.g. similarity eﬀect involving an attribute of an actor/node). According to the
network selection model, the potential new state of actor i’s network (x), e.g. the potential that
actor i drops a non-reciprocated tie to some actor j is described as follows:
P
exp( ( k , ski (x) )
k
P
{P rob of change in x} = P
(6)
exp(
( k , ski (x0 ))
0
0
x 2{(x )
k

where ski (x) = network eﬀects (endogenous and/or exogenous ones) driving the network dynamics,
e.g. reciprocity. ki represents the (combinations of) eﬀects for actor i; k = parameters that indicate
the strength of these eﬀects, and which get estimated from the data; x’ = other potential new states
for actor i’s network; x0 = current state of actor i’ s network, and x0 2 C(x0) is the set of all
permitted new states of actor i’s network, which includes the current state (x0 ).
A second model (the attribute model) handles the impacts of network patterns on actor attributes
(e.g. how trade tie patterns impact the wealth of given countries). According to the attribute
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model, the potential new state of actor i’s attribute or behavior (z), e.g. the potential that actor i
becomes more wealthy by being linked to j is described as follows:
P
exp( ( zk , szki (x, z) )
k
P z z
{P rob of change in z} = P
(7)
0
exp(
z 0 2{(z 0 )
k , ski (x, z )
k

where szik (x, z)= behavioral (or attribute) eﬀects; kz = parameters; z 0 = other potential new states
for zi actor i0 s behavior or attribute (e.g. that a country’s wealth does not change at all overtime);
x0 = current state of actor i0 attribute/behavior, and z 0 2 C(z 0 ) = the set of all permitted new

states of actor i’s behavior, which includes the current state (z 0 ).
The two equations describing the network selection and the attribute model have the same
structure, whereby x in the network selection model represents the network state and z in the
attribute model is the state of the behavior variable. Both equations illustrate how certain eﬀects
(network or behavior) may change the state of an actor i. The resulting parameter estimations ( k )
can be 0 (the eﬀect is not significant at all), positive (actor i will act according to that eﬀect) or
negative (actor i will act opposite to that eﬀect). The value (whether positive or negative) indicates
the strength, i.e. higher values mean a higher probability for an actor to act according/opposite to
that eﬀect. Please note that examples of network eﬀects and behavior eﬀects can be found in the
empirical example below.
The network selection and the attribute model are estimated simultaneously, so that changes in
the network selection model can aﬀect changes in the attribute model (and vice versa), leading to
results that disentangle these two processes, while controlling for endogenous network tendencies.
As a continuous time-based model, SAOM takes data inputs gathered at distinct time intervals, yet
SAOMs estimate the changes between any two time points (waves) via a continuous Markov simulation process. Thus, the changes actors make to form, dissolve, or leave ties as they are, depending
on the execution of the selection and/or attribute model12 , are treated sequentially, one by one, as a
series of micro steps [120, 106]. Therefore, during the course of estimation, changes made to one tie
by a given focal actor immediately impact the dependencies of the other surrounding ties linked to
other actors. This means that in the next micro step, the next chosen focal actor’s circumstances are
altered. Hence, the implications for the interpretation of the results are the following: parameter
results are seen as tendencies/changes that individuals make to their networks on the microstep
level. As a result, certain social tendencies, translated as a network eﬀect, underlie the evolution
of the network between time points. The latter tendencies include, for example, reciprocity and
transitivity (see Block [24] for an in-depth article on these crucial mechanisms for social network
evolution). Finally, SAOM captures diﬀerences between time points via a rate parameter, where
a larger value indicates that more time has passed, and/or more opportunities have developed for
actors to make changes. This rate parameter fluctuates in strength/magnitude according to interval
length/amount of change between the time points, yet all other parameter estimates in a SAOM are
independent of the time interval between observations [25].
Reciprocity, for example, as a dyadic relational mechanism (i.e. a mechanism that works on ties
between two actors) has been identified to be among the most important structural mechanisms for
explaining friendship network evolution [24]. With regards to friendship networks this means that,
given an existing unreciprocated friendship (A considers B a friend, while B does not consider A a
friend), there is a high likelihood of this one-way friendship tie evolving into a mutual friendship tie
over time.
In SAOMs, a significant positive reciprocity parameter means that the tendency for reciprocity
increases and/or is maintained overtime, regardless of the amount of time/change that has passed
between observations. In essence, one controls for how many opportunities have passed between two
12

where larger values indicate that changes are more likely (Block et al. 2018)
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time periods via the rate parameter. If one assumes that the observed data result from a process that
works in continuous time, then a SAOM analysis oﬀers parameter estimates that are independent of
elapsed time, and hence, careful consideration of how far apart the network observations are is less
critical [24].
As an estimation process, SAOM uses simulation as a means to generate a distribution of graphs
against which the observed network(s) can be compared. This same simulation process can be
harnessed by scholars for purposes of generating simulation experiments for exploring research questions of interest. In particular, the simulations used for estimation are guided by both the model
specifications and the data inputs. If a modeler wishes to test whether reciprocity or transitivity
are prominent explanatory drivers for understanding the observed network, then these specifications
become the ‘rules’ driving the simulation. The parameters assigned to these specifications are derived, initially, from the first wave of data (baseline), and then continually updated throughout the
estimation process. If one wished to use these algorithms for simulating other experiments, the final
estimated parameters may be fed into the model to launch additional simulation experiments. This
combination of simulation and estimated parameters can be a very useful procedure for exploring
Connectivity Science concepts such as scaling, tipping points, critical nodes, resilience, emergence
and self-organization.
3.1.3.3 Problem Specification: Linking micro-tendencies to macro-level, emergent outcomes. As the above example indicates, the problem we address with a SAOM approach regards
tracing, overtime, the link between micro-tendencies of individual actors (nodes) and how these accumulate to network topologies, such as a small-world, core-periphery, or clustered network topology.
The SAOM approach addresses this problem via a continuous time-based estimation process involving a Markov Chain Monte Carlo (MCMC) algorithm [34] that simulates a distribution of networks
based on the micro tendencies specified in the SAOM. The resulting distribution is then compared
to the observed network and via auxiliary statistics (e.g. degree distribution), a goodness-of-fit test
is carried out. In simulating a distribution of networks against which the observed network can
be compared, SAOM addresses the complications inherent to interdependent network data of this
sort, i.e. that individual cases are not independent of one another, as is normally assumed in more
traditional statistical approaches [177].
3.1.3.4 Important algorithms that solve the problem. As mentioned, the SAOM uses an
MCMC algorithm to simulate a distribution of networks to compare against the empirical (observed)
network to see to which extent hypothesized tendencies lead to an emergent topology.
In general, MCMC algorithms aim to produce Markov chains that have a specific stationary
distribution [34]. As Kroese et al.[101] put it, MCMC “is a generic method for approximate sampling
from an arbitrary distribution” (p. 225). The objective of MCMC, following the same source, is
thus to churn out a “Markov chain whose limiting distribution is equal to the desired distribution”
[101, p. 225]. The best known MCMC algorithms are the Metropolis-Hastings algorithm or the
Gibbs-Sampler [35, 101]. For SAOMs, diﬀerent versions of MCMC algorithms have been developed
(these are explained below); each with diﬀerent trade-oﬀs.
An important step towards the problem’s “solution” is the parameter estimation. RSiena
[154], an R-package that implements SAOMs for longitudinal network analysis (see section Interdisciplinarity below for more info on RSiena), is able to employ a variety of algorithms for parameter
estimation. However, the main and default algorithm used is a stochastic approximation algorithm
developed by Snijders [176], which is a derivative of the Robbins-Monro algorithm [155, 176,
170]. This implementation of the MCMC procedure uses the Method of Moments (MoM) [176],
is a non-Bayesian type of MCMC algorithm. According to Sjijders and Pickup [185], the MoM
consists of “selecting a vector of statistics for each parameter coordinate to be estimated and determining the parameter estimate as the parameter value for which the expected value of this vector
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of statistics equals the observed value at each observation” (p.11). As the expected values can only
be approximated, this is done via Monte Carlo simulations [185]. These values are then used in the
before-mentioned stochastic approximation procedure.
RSiena applies an iterative stochastic simulation algorithm (the choices of which are given above,
and found in the table 1 of Section 3.1.3.5 for parameter estimation in three phases. The first phase
is to calculate all specified network eﬀects (for example, reciprocity, transitive ties and popularity)
based on the observed, first wave of data, and determine the approximate parameter values to inform
the estimation process in the next step. The second phase involves a computer simulation in microsteps that attempts to recreate the observed network (based on the initial parameters of the selected
network eﬀects), computing the statistics and deviations between the simulated network and the
target network [154].
After all actors in the network have been given a chance to make the necessary number of microsteps (a number that is computed from the original dataset), then the final set of parameters derived
from this second phase in the algorithm becomes the input for the third phase of the algorithm.
Here, based on the final, estimated parameters, another round of networks are generated, and based
on this final round of simulated networks, the maximum convergence ratio and the t-statistics for
derivations and targets, as well as the standard errors for the parameters, are computed. We note
that it is this third phase of the estimation process, where scholars interested in simulation can
harness a SAOM model and create their own simulation experiments.
The maximum convergence ratio (MCR), computed during this final phase of the estimation
process, oﬀers feedback to the analyst regarding whether or not more estimations need to be done.
The estimation process needs to be extended (or the model specifications adjusted) if the MCR =
0.25 or less, and if and the t-statistics for individual eﬀects are above 0.1 [154].
The MoM algorithm is only one of four estimation procedures that are implemented in RSiena
[154]; the other ones being the Generalised Method of Moments (GMoM) [5], the Method of Maximum Likelihood (ML) [177], as well as a Bayesian Method [97]. In the following sub-section, the
MoM, as a standard choice in RSiena, will be briefly compared to the other three available algorithms
for parameter estimation.
3.1.3.5 Comparison of the algorithms for parameter estimation - strengths and weaknesses. Some of the advantages of the MoM algorithm, due to the fact of it being a non-Bayesian
type of Markov chain Monte Carlo (MCMC) method, are: (i) the specification of a prior distribution is not required [185]; (ii) reasonable reliability and eﬃciency; (iii) relatively low required
computing time [154].
As to the weaknesses of this method and algorithm, it should be mentioned that: (i) in case
the algorithm fails to converge (see rules of thumb for convergence in [154]), several rounds of
estimation might have to be carried out until convergence is achieved (using previous results of
estimation to start the new estimation); and (ii) the algorithm is less eﬃcient for parameter
estimation in comparison to Maximum Likelihood (ML) [177] and Bayesian estimation methods
[97]; see also table 1 of comparison.
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Algorithm

eﬃciency

MoM - Method
of Moments

reasonable
efficiency
(both
statistical and computational)
[185]

GMoM - Generalised Method of
Moments

potential for more
statistical
eﬃciency vs. MoM and
ML; via the use of
“more statistics than
parameters in the
estimation for minimizing the distance
between
observed
statistics and their
expected values” [5]
statistical eﬃciency
in terms of (root)
mean squared error
(RMSE) ML
>
MoM(for
smaller,
less complex data
sets)

ML - Maximum
Likelihood

Bayesian
mator

esti-

potentially more eﬃcient than MoM [185]

further advantages
/ applications
shorter computing
time than for the
other estimation procedures; rather reliable [185]

Applicable to various
data (cross-sectional,
panel, time series)[5]

possibility of extension to more complex
models; elaboration
of model selection procedures [177]; good
convergence, except
for data sets with relatively small size in
comparison to the parameters to be estimated
open to extensions to
the algorithm, which
can: e.g. better handle
missing data and networks with a changing
set of actors (or vertex set) over time

limitations
GMoM,
ML
and
Bayesian
produce
smaller standard errors for co-evolution
models and complex
datasets and data
requests [154]
slower than MoM due
to additional steps
[154]

log-likelihood function
of SAOMs cannot
be explicitly computed [5]; much slower
than MoM [177] as
it accounts for more
observations [154]

most useful for rather
small networks

Table 1: Eﬃciency, advantages and limitations of four algorithms for parameter estimation: Method
of Moments, Generalised Method of Moments, Maximum Likelihood, and Bayesian estimator.

3.1.3.6 Discussion and comments. There are articles that outline the similarities and diﬀerences between diﬀerent stochastic modeling environments such as the ERGM and the SAOM [25,
106, 120]. For example, SAOM is a continuous-time based model, but other models estimate the
micro-macro link as a discrete time-based model. When choosing between these diﬀerent modeling
environments one should be aware of several subtle diﬀerences concerning the model interpretation
13
eﬃciency here refers to either computational eﬃciency, e.g. optimizing computational load for calculations; or to
statistical eﬃciency, indicated by e.g. (root) mean squared error (RMSE) (see [177])
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and its data requirements: (i) How to interpret the results, given that the estimation process is
a continuous time-based versus a discrete time-based estimation approach? (ii) How far apart are
your data collection waves? (iii) How to interpret the results, given that some models are tie-based,
in the sense that the dependent variable is the tie/edge being formed and others are actor-based,
meaning that the edges formed are centered around the actor’s / node’s point of view.
3.1.3.7 Available Software. A variety of methods for the analysis of the evolution of one-mode
networks (directed or undirected), the evolution of two-mode networks, as well as the evolution of
individual node behavior, and the co-evolution of one-mode networks, two-mode networks and individual behaviors are integrated in RSiena - an R package for Simulation Investigation for Empirical
Network Analysis (SIENA). It is a statistical tool for the analysis of longitudinal network data,
modeling network changes from the perspective of the actors and analyzing structural eﬀects (depending on the network topology; endogenous), covariate eﬀects (exogenous variables) and their
combinations [154].
As a rule of thumb, it is always advised to refer to the RSiena manual14 , which oﬀers an overview
of what is included in RSiena, which input data are needed in what format, what functions are available and how they work, how the output is generated and it even has some chapters for programmers
to allow them to create their own functions and algorithms.
Sources for code and algorithms are as follows:
1. The source code of the whole R-package is available from GitHub15 .
2. For the R-Code of the “siena07” parameter estimation function please refer to the R-script
hosted at rddr.io16 .
3. For an overview of the diﬀerent algorithms available for RSiena and a code example of an
algorithm specification please also refer to rdrr.io17 .
4. The exact algorithm used in RSiena is documented in the following file hosted at the University
of Oxford18
3.1.3.8 Interdisciplinarity SAOMs are used across a wide variety of empirical contexts at
diﬀerent scales, among others now also for simulation experiments [150, 179]. The discipline of
SNA and SAOMs in particular are applied to a broad range of other disciplinary contexts like
sociology, psychology, political science, geography, economics, ecology and natural resource management. The annual conference for the International Network of Social Network Analysis (INSNA,
https://www.insna.org/sunbelt-2022), referred to as the Sunbelt conference, includes a variety of
disciplines (mainly social science related, but increasingly other sciences, such as ecology) and many
papers that are presented across these disciplines use stochastic models such as SAOMs.
3.1.3.9 Applications of SAOMs for global trade, wealth, and CO2 emissions. We summarize here a previously published paper in which SAOM was used to examine carbon trade imbalances among 172 countries over a 10-year period, 2000–2010 [150]. A carbon trade imbalance refers
to the extent to which the carbon emissions embodied in a country’s exports exceeds the emissions
embodied in its imports. The paper demonstrates how trade networks co-evolve with carbon trade
imbalances, thereby revealing micro-processes that aﬀect tie formation between countries, some of
14

current version of the manual is found here: http://www.stats.ox.ac.uk/~snijders/siena/RSiena_Manual.pdf
see https://github.com/snlab-nl/rsiena/
16
see https://rdrr.io/cran/RSiena/src/R/siena07.r
17
https://rdrr.io/cran/RSiena/man/siena07.html
18
see https://www.stats.ox.ac.uk/~snijders/siena/Siena_algorithms.pdf
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which might be an explanation of centralized topology that is common in trade networks (e.g. less
central, i.e. peripheral countries (net carbon exporters) tend to form more export ties to more
central countries over time).
Briefly, our trade network consisted of three waves of data (2000, 2005, 2010) for 172 countries,
drawn from the EORA database [107, 108] 19 . EORA provides multi-regional input-output (MRIO)
tables containing information on trade flows, production, consumption and intermediate use of
commodities and services for 26 sectors. For the analyses, this information was summed into one
comprehensive trade network for each time step with the 172 countries as nodes and the trade flows
between them as edges. Given that the SAOM environment can only handle dichotomous network
data, we dichotomized each trade network, such that all values above the 95th percentile were counted
as 1 and otherwise 0, resulting in a trade network of very ‘strong’ trade flows. Our CO2 -emission
data are at the economic sector level, and were also collected from the EORA database. Data on
countries’ GDP and GDP per capita were taken from the World Bank’s database 20 . Finally, data
on the geographic proximity of nations’ capitals was calculated based on the great circle distances
between capital cities of the world (see [70] for similar data).
The research questions and hypotheses we address here are as follows;
1. What is the network topology of this trade network? For example, does the network resemble
a small-world or core-periphery topology?
2. What micro processes give rise to this topology?
Given that the paper we review pertains to inequalities found in global trade, we predict that the
trade network we analyze will have a centralized topology, in which fewer, wealthy countries
hold a disproportionate number of ties, and poorer countries comprise a less central, i.e. peripheral
position and hold relatively much fewer ties. Such a centralized topology is often found in global
trade networks, and is often explained as resulting from certain tendencies guiding the way wealthy
and poorer countries form trade ties. Barbero and Zofio [17], for example, call the latter tendencies
“centripetal and centrifugal forces [driving] agglomeration or dispersion” (p.470).
Some of the tendencies discussed in the paper that we want to concentrate on here are as follows:
1. Countries that are net carbon exporters will tend to increase their export ties to wealthier
countries over time.
2. Countries with wealthier trading partners tend to become or remain net exporters of carbon
overtime.
Using SNA to identify centralized network topology. In order to get a first impression of
the network topology, the graphical representation is shown in figure 4. Larger nodes are those with
more trade ties, and darker nodes are those who are net exporters of carbon. One can see that, in
general, wealthier countries (e.g. western European countries and the US) tend to dominate trade
ties and form a core (along with China, a large trading partner and carbon exporter). Less wealthy
countries dominate the periphery.
This emerging centralized network topology of the global network is underlined by centralization
measures. According to [64], the general formula for network centralization in terms of degree (CD )
is:
Pn
[C (p⇤) CD (pi )]
i=1
P D
CD =
(8)
max ni=1 [CD (p⇤) CD (pi )]
19
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the databases are available at http://www.worldmrio.com
see http://www.worldbank.org
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Figure 4: Graphical representation of the 2010 global trade network analysed in [150]. Countries
are represented as nodes with color ranging from black (high) to white (low) reflecting CTI levels.
Edges between the countries visualise their trade relations (dark = reciprocal; light = unilateral),
node size indicates outdegree centrality levels.
where CD (pi ) is the degree centrality of a point (pi ), and CD (p*) is the largest value of CD (pi ) for
any point in the network.
The centralization is zero if and only if all nodes have the same number of ties, and centralization
is one if and only if one node completely dominates the network (as a star).
In addition to centrality, density measures can provide insights into the amount of edges within
the network which can help to understand how well connected the nodes are. The density of a graph
calculates how many edges (m) exist compared to the total possible number of edges. This is valid
for undirected and directed networks, although the equations (where n is the number of nodes in
the network) are diﬀerent:
Undirected Network Density =

m
n(n

Undirected Network Density =

1)/2

m
n(n 1)

(9)
(10)

In general, if the centralization score is quite high (e.g. 0.5 or more), then the network can be
characterized as a centralized network. When the density score is also high, this implies that though
many ties exist across the network, the majority of ties found in the network are circling around a
few nodes, and when density is low, the few ties existing in the network are largely reliant upon just
a few nodes.
Using SAOMs to test two hypotheses on micro tendencies leading to an emergent coreperiphery topology. When asking which micro processes might be responsible for generating
this centralized topology, we can consider two hypotheses found in the published paper. The first
hypothesis we considered in the SAOM to be related to the emergence of a core-periphery topology
is the tendency of countries that are net carbon exporters to increase their export ties to wealthier
countries over time. This tendency was specified via an interaction eﬀect, the covariate ego eﬀect ⇥
covariate alter eﬀect, where the covariates are the carbon trade
Pimbalance (CTI) of the focal actor
i (ego) and the wealth (GDP) of actor j (alter), respectively ( j xij viCT I vjGDP ).
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Network selection model: Carbon Trade Imbalance (CTI) of ego x
wealth of alter
P
GDPpc - alter eﬀect
j xij vjGDP
CTI - ego eﬀect
viCT I xi+
Attribute model: Wealth of alters impacting ego’s Carbon
Trade Imbalance (CTI)
Total eﬀect of alter’s GDP pc on ego’s ziCT I xi+ vjGDP
CTI
Table 2: Formulas for the network selection and attribute model. Note: xij refers to an export tie
from i to j; ui (ego) and vj (alter) refer to a country’s attribute (in our case, either GDPpc or CTI)
as used in the selection model and zi refers to the CTI of a country in the attribute model.
These two eﬀects (covariate ego and alter eﬀects) are defined in Table 2. A resulting, positive parameter for this interaction eﬀect would be interpreted as countries with high carbon trade
imbalances forming export ties with wealthier countries.
In order to capture the co-evolution of trade networks and carbon trade imbalances, we specified
a tendency in which the network patterns would impact a country’s carbon trade imbalance. The
hypothesis is that there is a dominating tendency to explain how the above networks co-evolve; the
tendency being expressed as: Countries with wealthier trading partners tend to become or remain
net exporters of carbon over time. The specification of this tendency was done via the total eﬀect
of alter’s GDPpc on ego’s Carbon Trade Imbalance (CTI)21 . A positive resulting parameter would
indicate that a country’s CTI increases overtime in response to having many export ties to wealthier
countries.
Other hypotheses were tested and quite a number of additional eﬀects were also included to control for competing tendencies and underlying endogenous processes, such as the general tendency
of empirical networks to be characterized by reciprocal ties. A full listing of all the hypotheses and
specifications can be found in the published paper [150].
Results. We first begin by discussing the network topology and then discussing the SAOM model
results. We calculated the density and centralization scores for the final wave of data collection, i.e.
the trade data from 2010.
The density of 0.0503 reveals a sparse network topology. Given that we dichotomized the trade
network, such that all values above the 95th percentile were counted as 1 and otherwise 0, this
threshold value resulted in a sparse trade network composed of the very strongest trade flows between
countries. Choosing a threshold of only those values above the 90th percentile, the network topology
would naturally yield a slightly more dense network topology with slightly “less strong” trade ties.
The all-degree centralization in the trade network is relatively low (0.396), but there is a significant gap between indegree and outdegree centralization: the indegree-centralization is 0.496, showing
that some countries get more incoming ties (imports) than most of the others. The outdegreecentralization is 0.291, indicating that countries have a more similar number of outgoing ties (exports) than ingoing ties. Since the indegree-centralization is higher than the outdegree-centralization,
the network topology points to a centralized network , i.e. that a small portion of countries are big
importers of goods, and the vast majority of countries are not. Finally, when we compare these
results to the digraph, found in Figure 1, we note that larger nodes (those with higher degrees) tend
to be wealthier countries with smaller CTI values. Such a pattern implies that wealthier countries
are engaged in a lot of trade (e.g. import many goods) yet do not suﬀer the environmental con21

The mathematical formula for the specification of the tendency can be found in Table 2
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Selection Model
Network eﬀects
Estimates
(Standard Errors)
Endogenous network eﬀects (e.g. rate parameter, reciprocity, preferential attachment, and transitivity). See [150]
interaction CTI ego x 0.084*
(0.025)
GDPpc alter
Attribute Model
Controls (see [150])
CTI: alter’s (TRADE) 0.022*
(0.009)
GDPpc total
Table 3: Results generated from the MCMC estimation process of SAOMs, specified above. The *
indicates that this eﬀect is significant for the tie formation processes.
sequences. As such, the next step is to test whether such a pattern holds, when controlling for a
number of competing tendencies, which leads to our next set of results pertaining to the SAOM
model.
The SAOM results can be found in Table 3. They support the hypothesis that countries with
higher CTI levels tend to form more export ties with wealthier alters, as indicated by the positive,
significant parameter for the CTI ego ⇥ GDP per capita alter eﬀect. Also, we find a positive,
significant tendency of alters’ GDP per capita impacting countries’ CTI levels: countries’ tendency
towards becoming net exporters of carbon increase in response to having more export ties with
wealthier alters. These findings thus give insight into how a centralized network might emerge, i.e.
that poorer countries, with higher CTI scores connect with wealthier ones, and not with others.
And wealthier countries import many goods so as to avoid harming their own environments, i.e.
maintain their low CTI score.
Here, one sees support for the hypothesis that countries with higher CTI levels tend to form more
export ties with wealthier alters, as indicated by the positive, significant parameter for the CTI
ego ⇥ GDP per capita alter eﬀect. Also, we find a positive, significant tendency of alters’ GDP
per capita impacting countries’ CTI levels: countries’ tendency towards becoming net exporters of
carbon increase in response to having more export ties with wealthier alters.
Discussion and Comments.
Altogether, this SAOM-approach shows the complexity and connectedness of trade tie formation
and CTI levels on a global scale. Wealthy countries tend to be reciprocally tied to one another,
forming a denser connected core (or cohesive block) of the network. This is not uncommon in
global trade networks [43, 119, 151]. In our example paper by Prell and Feng [150], the CTI ego ⇥
GDP per capita alter eﬀect can be one of the main drivers of the tie structure between two denser
network partitions in figure 4, especially between net carbon exporting countries (black nodes) and
net carbon importing countries (white nodes).
This can be particularly meaningful for how micro-tendencies impact distinctively on shaping
the topology of an emergent network, especially when one takes into account that not all network
parts have the same density. Referring back to Barbero and Zofio�s [17] study on core-periphery
topologies, some network components experience stronger centripetal forces driving them to the core
of the network, while others are driven to the periphery due to a prevailing eﬀect of the centrifugal
force(s).

3.2

Critical Nodes Detection

In this section we present an important, and also interdisciplinary, problem and related methods:
the critical nodes detection problem and related methods.
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3.2.1

Specific Background

In this section we provide an overview of the main concepts involved in the critical node detection
problem.
Definition 3.1 (Network connectivity) Network connectivity is defined as the level of connectedness within a system ([192]). In recent years, network theory has been used to quantify connectivity
in complex systems, where a network is a graph-based representation of a system with nodes and links
([3, 15, 16, 23]).
A connected component (See Section 2) is a maximum set of nodes that are connected to edges
in the network ([52]).
Definition 3.2 (Fragmentation) Fragmentation is the decomposition of a graph into several connected components.
Definition 3.3 (Node Centrality) In complex networks, Degree Centrality (DC), Betweenness
Centrality (BC), and Closeness Centrality (CC) are most commonly used to evaluate node centrality.
Every centrality measure has unique meaning associated to it.
Betweenness centrality (See Section 2) describes the ability of a node to control the information/resource flow in a network. For a given node ‘x’, the BC(x) is the total number of shortest
paths from a node to another node that passes through node x ([207]).
3.2.2

Problem Specification

In general, the critical node detection problem (CNDP) involves the identification of a subset of
nodes R ✓ V from graph G = (V, E). These nodes are important according to a predefined objective
function ([196]). In large graphs, the CNDP has been proven to be computationally hard to solve
([197]). It has been proved to be NP-complete for general graphs ([8]) but even for trees ([52]).
3.2.3

Critical Nodes Detection problem from Earth System Prespective

Ecosystems are complex systems, with their emergence dependent on the presence of various biotic
and abiotic components, as well as the associated ecogeomorphic processes and climatic perturbations ([130, 138, 137, 142, 192, 193]). Another important characteristic of the ecosystems (complex
systems) is connectivity, which is defined as the level of connectedness within a system ([192]). Connectivity can be further subdivided into structural and functional connectivity. For example, in river
systems, structural connectivity is defined by its channel network (driven by topography), whereas
functional connectivity is the movement of water, sediments, and riverine species along the structural template ([194]). In ecogeomorphic interpretations of connectivity, functional connectivity is
also understood as movement or flow of organisms ([38, 55, 158]). Dispersal models characterize the
flows of individuals across the landscape by using some of the notions of transportation networks
(i.e., according to their origin and destination cost distances) ([38, 165, 132, 140, 146, 132]).
In recent years, network theory has been used to quantify connectivity in complex systems, where
a network is a graph-based representation of a system with nodes and links ([3, 15, 16]). The key idea
behind network science is that it is possible to obtain crucial information about a complex system
by studying its underlying network structure. Network analyses are among the methods that have
been widely used for the characterization of ecosystems ([29]) and within these applications we can
find:
• Input-output models for representing the interactions of predator-prey, mutualism, competition, between a particular species and resource, within food webs, and nutrient cycling [19, 42,
50, 74, 115, 161, 202]).
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• Graph theory-based models in landscape ecology (patch-based graphs) focused on animal movement, like the metapopulation/metacommunity approaches ([14, 28, 56, 132]).
For the case of river ecosystems, the graph abstractions follow the topological patterns of stream
channel networks (tree type networks) ([57]) which represent the structural connectivity. Here, nodes
can depict either populations or local communities to habitat areas or “patches” on the landscape.
Then, the edges between the nodes can represent surface water connections or processes. Therefore,
riverine landscapes are often visualized as ecological corridors ([158]). For the construction of the
river system’s graph, the spatial locations of the nodes and a distance matrix between all of the nodes
are required ([167]). The adjacency matrices can be unweighted (composed by 0s and 1s) or, as in
more realistic representations, weighted with asymmetric connections between them ([193]). The
nodes in dryland ecosystems can be represented by landscape patches (vegetated/non-vegetated)
and links are represented by fluxes of water and sediments along the nodes (in this case, the network
conception focuses on land degradation related feedback). Here, the structural connectivity network
is defined by topography driven flow routing and presence of vegetation sinks, whereas the functional
connectivity network is based on the fluxes of water and sediments along the structural template.
There is a diversity of methods for identifying the most crucial areas for maintaining connectivity
and ecological processes within the river system. Within complex networks, nodes have diﬀerent importance in shaping system behavior ([8, 104, 144, 208]). In graph theory, the critical node detection
problem quantifies the node importance based on the eﬀect of node removal on the network structure
([164]). Here, critical nodes are nodes whose removal significantly degrades network connectivity
([198]). In ecology, we can find alternative approaches that carry out node (habitat patch) removal
experiments ([28]), which are analogous to the graph theoretical algorithms that determine critical
nodes. Although there have been a large number of studies characterizing river networks using
graph theory, only the study of [164] was focused on finding critical nodes in the topology of river
networks. They identified critical nodes in river drainage networks and examined their dependency
on geomorphic and climatic properties. Here, the authors compared the critical node identification
problem to the one of identifying central nodes (group of nodes with higher group betweenness centrality) and found that the critical nodes maximize the fragmentation of the network in comparison
to the central nodes ([164]). Here, the fragmentation of the network involves the disconnection of
the graph into new smaller connected components.
A common graph representation of rivers is a trees T (V, E), where each pair of nodes is connected by one path ([52]). In this case, network fragmentation is linked to branching patterns of
river networks and central nodes are bridging nodes with highest betweenness centrality ([164]). Algorithms that identify these critical nodes have been used by ecologists, conservation planners and
managers to identify key conservation areas that contribute the most to maintain species dispersal
and ecological flows within the landscape ([14, 28, 56, 165, 166]).
Furthermore, in most complex systems, several entities interact with each other in patterns that
include multiple types of connections and changes in space and time. In a multilayer network, a set of
entities interact with each other. These systems include multiple subsystems and connectivity layers
([2, 23, 96]). As there are multiple layers of connectivity (structural/functional) in an ecosystem
(as shown in Figure 5), it is necessary to consider both inter and intra layer connections when
determining the location of critical nodes. The inter-layer connections are represented by Structural
Connectivity/Functional Connectivity interactions and influence of climatic conditions on the system
dynamics, whereas the intra-layer connections are represented by connectivity of nodes in each layer.
To illustrate the diﬀerent applications of the critical nodes detection problem in ecosystems, we
will describe two examples of application in riverine ecosystem (ecohydrology) and dryland ecosystem
(ecogeomorphology).
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Figure 5: The representation of an ecosystem as a multilayer network.
3.2.4

Critical Node Detection in riverine ecosystem (ecohydrology)

3.2.4.1 Important Algorithms. Algorithms that identify critical areas, whose elimination
would cause?the fragmentation of the network, have been used by ecologists, conservation planners and managers to solve problems like identifying key conservation areas that contribute the
most to maintain species dispersal and ecological flows within the landscape ([14, 28, 56, 164, 165,
166]). Node removal approaches are related to the algorithms that determine critical nodes ([164]),
although most of the time are not explicitly named this way.
3.2.4.2 Quality Function/Measures. The ecological consequences of the removal of critical
nodes would translate into an increased risk of isolation ([141]).For this reason, one way to calculate
how the removal of critical nodes will induce network fragmentation is by calculating the number of
connected components in the graph. These components are defined as sets of nodes connected by
links within a given threshold distance ([166, 141, 165]).
3.2.4.3 Interdisciplinarity. Even though we do not cover the wide range of applications of the
critical node detection problem, this family of methods has been featured by its high potential for
identifying areas that are crucial for maintaining connectivity in the landscape ([164]). Analogous
approaches using node removal have been applied in freshwater and terrestrial ecology to solve
problems related to the disruption of connectivity between habitats(see [14, 28, 164, 165, 166]).
3.2.4.4 Application of the method in Riverine Networks. Explicitly, critical nodes’ analyses have been applied very sparsely in the context of landscape connectivity in river networks. To
our knowledge [164] is the only case using this term. However, the indices proposed in [140, 166] are
worth highlighting. The integral index of connectivity (IIC) ([140]) and particularly the probability
of connectivity index (PC) ([165]) have been widely applied in the landscape ecology domain to assess habitat connectivity (i.e., [10, 14, 56, 91]) and landscape vulnerability to loss of certain habitat
areas. They proposed experimental graph removal techniques for identifying the role of individual
habitat patches as connectivity facilitators or “providers” ([28]).
The authors characterize the ecosystem as a complex network by using the terms of “landscape”
to refer to the symmetric graph abstraction of the system, “habitat patch” or just “patch” to refer
to a single node, and links or edges to represent the possibilities for movement or dispersal between
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nodes. Typically, the PC index takes as an input: (i) the structural connectivity network (e.g., a river
network of the surface water connections or habitat patches with corridors connecting them) with
information about the lengths of the links (physical distances like Euclidean distance or waterflow
distance); (ii) dam/barrier locations; (iii) estimates of dispersal probabilities; (vi) and, for the case
of directed graphs, directional dam passability values ([93]). In this example, the critical nodes to
identify are habitat patches that can maximize the dispersal potential of the target species. The PC
is given by the expression:

PC =

Pn

i=1

Pn

j=1 ai ⇥
AL 2

aj ⇥ p⇤ij

(11)

where n represents the number of nodes present in the landscape, with assigned attributes ai and
aj (i.e., patch area, habitat suitability index, etc.) of two nodes and AL being the total landscape
area. pi j is the maximum product probability of all paths between i and j (set of steps in which
a node is not visited more than once, being each step a direct movement of an individual between
two nodes) ([166]). The weights of the edges are set by using this probability of direct dispersal
between i and j (pij ). p⇤ij corresponds to the maximum product probability for having all possible
paths between i and j, including single-step paths ([166]) (i.e., the maximum value of the product
of the link weights (pij ) of all possible paths connecting node i and j ([28]). The output of this
analysis is an index of connectivity ranging from 0 to 1 ([93]), although the global PC encompases
other sub-indices that are used to identify critical areas within the landscape.
This PC index is a measure of the overall connectivity at a network level. Additionally, the dPC
sub-index is used in this modelling framework proposed by [28] as a way to calculate the importance
based on node removal experiments and it is an analogous metric to the critical nodes detection
problem. After the calculation of the PC, the dP Ck index calculates the importance of each node
k, based on the relative decrease (%) in the PC value caused by the removal of a node k (relative
decrease in network connectivity after the removal of nodes) ([28]). The dP C k is given by the
expression:

PC =

P C P Cremove
P C ⇥ 100

(12)

where P C remove is the PC index of the landscape after the elimination of a node k from the network
([166]).
An example of a real-world application of these methods is the one of ([14]). With the aim of
identifying and prioritizing sites for implementing conservation measures to protect the endangered
Freshwater Pearl Mussel (Margaritifera margaritifera), they used the framework of [28] and measured
the PC index and the dP C sub-index for the Aist catchment in Austria. In their results, [14]
found that the values of the dP Ck might be explained by the lack of connectivity between suitable
mussel habitats, since the dispersal of individuals might occur only between contiguous habitat
patches ([14]). They also concluded that the potential dispersal between nodes is also shaped by the
network topology ([14]). Studies like this highlight the potential of graph theoretical-based methods
as feasible toolsets to assist management measures.
dP C k = dP Cintrak + dP Cf luxk + dP Connectork

(13)

3.2.4.5 Comparison to other methods. As well as the approaches focusing on the eﬀect of
node removal on the network structure, there are many ways for assessing node importance ([164]).
Critical node analysis and the centrality metrics of betweenness centrality, even though they are
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conceptually diﬀerent metrics, capture diﬀerent aspects of a node’s (i.e., habitat patch) contribution
to the connectivity of a landscape ([28]). In a critical node detection problem, it is considered
that the number of connected pairs of nodes, in the resulting network after the node removal, is
a metric of integrity or “connectivity” in river networks and identifies the group of nodes whose
removal decreases this metric ([164]). On the other hand, group betweenness centrality is a measure
of the role of a group of nodes on controlling the flow in the network ([164]). That work made the
distinction between “critical” and “central” nodes and compared the locations of the most influential
nodes found using these two approaches in river networks. They found that, in comparison to
central nodes, critical nodes maximize the fragmentation of the network (measured as the number
of connected node pairs in the river network) ([164]). They highlighted the potential of identifying
critical nodes in comparison to betweenness centrality metrics.
3.2.4.6 Advantages and disadvantages of this algorithm. The framework developed by
[28] has been widely applied in landscape ecology to assess habitat connectivity for populations and
metacommunities (i.e., [10, 14, 28, 56, 165, 166]). Under an ecohydrological perspective, these indices
have the advantages of incorporating continuous barrier permeabilities (i.e., to assess the eﬀect of
dams), incorporating natural barriers, assessing diﬀerent scenarios, assigning greater importance
to reaches with large flows, assigning diﬀerent upstream and downstream dispersal probabilities,
and assessing connectivity across spatial scales ([93]). Although, these approaches are subject to a
certain level of uncertainty since estimating precise dispersal probabilities is challenging for certain
groups of organisms and the results are susceptible to the extent of the network ([93]).
3.2.4.7 Available Software. The calculations of these indices can be carried out in the software CONEFOR Sensinode 2.2 (CS22) ([166]). This software was developed with the purpose
of quantifying the importance of habitat patches for maintaining landscape connectivity and as a
decision-making support tool for landscape planning and the conservation of critical areas ([166]).
The CS22 needs as inputs the spatial structure and configuration of the habitat patches or nodes
(including a single node attribute that could be the patch area, or information about the size of the
local population or community, for example) and the dispersal abilities of the focal species/group
(e.g., dispersal distances) ([166]). The most notable output would be the identification of the most
critical habitat areas for maintaining the overall landscape connectivity ([166]). However, the computational eﬀort measured in terms of time is relatively high.
3.2.5

Critical Nodes Detection in Dryland Ecosystem (ecogeomorphology)

3.2.5.1 Problem specification. In dryland ecosystems, the identification of critical nodes can
be conceptualized in terms of changes in connectivity and land degradation related feedback. The
main objective is to identify critical nodes with respect to land degradation feedbacks, associated with
structural and functional (hydrological and sediment) connectivity in transitional landscapes. The
input to the Critical Node Detection Algorithm here is the directed-weighted network of structural
connectivity and the output is the location of critical nodes (based on node removal) in the structural
and functional connectivity network. The management strategies can be focused on these locations
to reduce the network averaged connected pathways and subsequently preserve the current state
of the ecosystem. The quantification of node importance in dryland ecosystems can be evaluated
based on central node (degree and betweenness centrality) and critical nodes. Here, the length of
connected pathways is calculated based on the total length of weighted directed links connected to
a node.
3.2.5.2 Quality Function/Measures. The critical node removal results in a set of at least two
connected components. Here, the weighted length of connected pathways associated with each node
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is calculated and the critical nodes are represented by the group of nodes whose removal results in
the highest reduction in length of connected pathways (lowest network averaged length of connected
pathways). As a result, the length of connected pathways is an example of a quality function in this
context.
3.2.5.3 Application of the method in dryland ecosystems.
Study Area: The study area of the proposed work is the grassland-shrubland transition zone
in the Sevilleta Long Term Ecological Research (LTER) Program in the Chihuahuan desert of
the southwestern United States, where shrub propagation into grassland along with soil erosion
by water, soil-hydraulic deterioration and vegetation change result in on-going land degradation
([215, 85]). The invasion of grasslands by shrubs is a result of multiple drivers of land degradation
such as overgrazing, higher carbon dioxide concentrations and variation in rainfall characteristics
([66, 192]). These key drivers stimulate grass to shrub transitions because the biotic components
transform, and are transformed by, the structure and function of their surrounding ecosystem. This
research uses modelled and empirical data from the Sevilleta Long-Term Ecological Research site,
within a transition zone on the northern margin of the Chihuahuan desert (34 190 N, 106 420 W).
Data: We use the input and MAHLERAN output data presented and validated in (Turnbull et
al., 2010), to construct the weighted network based representation of structural and functional
connectivity. The data is available for four transitional plots of 10 m * 30 m size, present in Sevilleta
LTER site.
Structural and Function Connectivity Network. In this work, we apply the CNDP problem
to structural and functional connectivity networks separately. The structural connectivity network
is based on the flow routing and presence of a vegetation sink. The flow routing is based on a
D4-steppest slope algorithm and is derived from a DEM (elevation) data of 0.5 m. The vegetation
cover is extracted from millimetre resolution aerial photography. The vegetation sink is defined
based on a threshold of 60% vegetation cover, as this value is significant enough to act as a sink
([76]). Functional connectivity (FC) is calculated in terms of hydrological and sediment transport.
The FC value depends on the surface conditions, rainfall characteristics and antecedent soil moisture
conditions. The discharge and sediment data over the four plots is modelled using the MAHLERAN
model ([206, 204, 205]). The functional connectivity network is defined based on the modelled
runoﬀ and sediment transport using MAHLERAN, the flow routing algorithm and flow threshold
(0.249 l for hydrological flows and 0.001 kg for sediment transport) (as presented in ([193]). For the
structural and functional connectivity network, the weights associated with a link between any two
nodes are defined as follows::
W eightSC

=

W eightF C

=

Vegetation Sink Threshold (60%) Vegetation cover of preceding node
(14)
Vegetation Sink Threshold (60%)
Flow between two nodes
(15)
Maximum observed flow in the network

Betweenness Centrality: We use Betweenness Centrality ([164]) as a measure of a node’s importance in the weighted directed networks of SC and FC. In a complex network, the BC value
associated with a node is defined as the number of shortest paths traversing through it from the
entire network. For a given node ‘x’, the BC(x) is the total number of shortest paths from a node
to another node that passes through node x ([207]). The weighted betweenness centrality WBC(x)
is defined as the sum of weights of all the possible paths passing through node x. Weighted Betweenness Centrality is a method of determining a node’s influence over the flow of resources in an
ecogeomorphic system. It is used to assess a node’s ability (potential in case of SC) to act as a
bridge during the transmission of resources between vegetation patches.
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3.2.5.4 A Critical Node Detection Algorithm. The identification of critical node in a network is a computationally demanding process ([197]). For example, to identify the 120 (top 90
percentile nodes out of 1200 nodes) most critical nodes and the influence of their removal on network connectivity in the given plots (total nodes 1200), there are 1200 C100 = 1.274E + 148) ways of
selecting 120 nodes out of 1200 nodes. We usethe Monte Carlo simulation based algorithm to reduce
the sample size and estimate the probability associated with diﬀerent selection scenarios (published
in [187]). We use the following approach to identify n critical nodes in a network of N nodes:
1. We have a directed weighted network with N nodes and E edges.
2. For i = 1 : 100000 (initial number of MC simulations⇠=near infinite number of combinations)
3. For each simulation, select n random nodes from the total of N nodes
4. Delete the selected n nodes from the network.
5. Resulting network will have N-n nodes and e edges.
6. Calculate the weighted network averaged Length of Connected Pathways (weighted) for the
new network structure, where LOCP is defined as the sum of weighted of all the incoming
paths to a node.
7. Assign the value of weighted network averaged length of connected pathways to all the nodes
selected for this simulation.
8. Repeat the simulation 100000 times (⇠=near infinite number of combinations)
9. Average out the values associated with each node to estimate the role of every node in net
reduction of network connectivity.
10. Nodes with lowest average value of LOCP (after 100000 simulations) are the most critical.
The evaluation of node importance based on critical nodes can help us locate the set of nodes
which results in the highest reduction in length of connected pathways. As low length of connected
pathways in SC and FC networks will result in lower rates of land degradation related feedbacks,
management strategies can be focused on these nodes to preserve the current state of the ecosystem.
Results.
1. The LOCP represents the extent of incoming resources (water and sediments) to a node (vegetation/unvegetated patch) or base of plot/hillslope. A node with a higher LOCP value in a
structural connectivity network has a higher potential for land degradation-related feedbacks
directed at it. Furthermore, the further degradation of a node is dependent on its current
state; for example, an already degraded patch may not experience further degradation due to
the incoming high rates of discharge and sediment transport.
2. The central nodes imply that the nodes that connects most of the nodes in the network. From
a management perspective, increasing vegetation cover at central nodes may help us reduce
the net structural connectivity of an ecogeomorphic system. Furthermore, the critical node
shows the group of nodes resulting in the highest reduction in structural connectivity.
3. The central nodes are more clustered and show a linear assemblage, whereas the critical nodes
are located all over the plots. Furthermore, the central node is located in the middle of the
plots whereas there are few critical nodes at the bottom of most locations.
4. The central nodes are more clustered and show a linear assemblage, whereas the critical nodes
are located all over the plots. Furthermore, the central node is located in middle of the plots
whereas there are few critical nodes at the bottom most locations.
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Figure 6: Length of connected pathways of weighted structural connectivity network.
3.2.5.5 Comparison to other methods. There are several methods for quantifying node importance, such as critical node identification, degree and betweenness centrality, which have been
used to understand the role of nodes in a complex system ([164, 187]). Furthermore, depending
on the end goal, there are various methods for identifying critical nodes. For instance, [195] presented a critical node algorithm based on removing a set of nodes resulting in minimum pairwise
connectivity. The method presented in Section 3.2.3 is designed specifically for dryland ecosystems
and is based on the length of connected pathways. It is similar to most critical node algorithms in
that it fragments network connectivity through node removal, but instead of focusing on minimum
pairwise connectivity, the goal is to reduce the mean length of connected pathways in the system.
The main advantage of our approach is that it allows us to identify critical nodes in systems with
significant flow pathways, whereas the computational time associated with Monte Carlo simulation
is long ([121]) and the solution relies on close approximation of optimal critical node location.
3.2.5.6 Available Software The algorithm is self-implemented in the MATLAB working environment.

3.3

Measuring Connectivity

In this section we present methods for measuring the connectivity of a network. We focus on models
of transport processes, indices of connectivity, Correlation and Mutual Information methods for
measuring connectivity.
3.3.1

Connectivity in Geomorphological and Hydrological systems

In this section we discuss two methods for measuring connectivity: models of transport processes
and indices of connectivity.
3.3.1.1 Related Background. In order to support the following sections which deal broadly
with connectivity methods associated with geomorphological and hydrological systems, here we de-
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Figure 7: The location of most (90 percentile=120) central (BC) and critical nodes in structural
connectivity network.
fine necessary background information, definitions and notions which will be subsequently referenced.
Connectivity indices. While this section focuses on two main examples of connectivity indices,
several others are mentioned, which we describe below.
In Earth sciences, a common connectivity issue is related to fluid transport in a landscape, such
as the transport of chemicals, water or sediments on hillslopes or in river networks. Hydrological and
sediment processes - such as surface runoﬀ, detachment of sediments from rocks, sediment movement
along flow pathways, and ultimately sediment deposition - are complex as they present material and
energy interactions at diﬀerent spatial and temporal scales. Due to complexity, geoscientists created
simple connectivity indices to evaluate how diﬀerent sites in a landscape are connected.
As with most applications using geographic information (processed through geographic information systems - GIS), digital elevation models (DEMs) are vital to evaluate connectivity indices.
DEMs are a representation of the topographic surface of the study area, essentially a raster where
each cell value represents the elevation of the Earth surface at that particular point.
One standard index that we reference is the Betweenness Centrality (BC). This measure describes
the extent to which a given node is "central", by quantifying the number of shortest paths between
other pairs of nodes within the network that the node in question is incident to ([57]).
The second is the Probability of Connectivity Index (PC) ([165]), an index used for patch-based
habitat networks constructed using a probabilistic connections model. In this model, the edges
between nodes (patches) are described by the dispersal probability, or likelihood that a disperser (a
target species) moves from one patch to the other (directly, without passing through other nodes).
This probability can be computed in diﬀerent ways, for example as being inversely proportional
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to an inter-patch distance (Euclidian distance or eﬀective distance taking into account movement
abilities and fitness costs for diﬀerent species) ([165]).
3.3.1.2 Indices of connectivity
Problem Specification. Measuring connectivity is one of the key challenges in connectivity
research. Particularly for geomorphology, assessing spatial patterns and the strength of linkages
between runoﬀ/sediment sources, pathways, and sinks is necessary in order to understand the connectivity of the system in question. An index is defined as “a type of composite measure that summarises and rank-orders several specific observations and represents some more general dimension”
([12], as cited in [79]). In sediment connectivity - that is the "integrated transfer of sediment across
all possible sources to all potential sinks in a system over the continuum of detachment, transport
and deposition" ([33]) - this translates to the combination of variables that are “conceptually known
to control the spatial organization and intensity of sediment fluxes in a landscape” ([75]). Therefore, indices of connectivity represent an empirical analysis that uses simple parameters to assess
hydrological and sediment connectivity at points in a landscape. Such indices provide a measurable
variable (proxy variable) to represent associated, but non-measured or non-measurable factors ([78]).
Quality Function/Measures. Besides constraints regarding computing time, depending on the
specific application, diﬀerent desirable properties of indices may be used to select an appropriate
option from the many indices used in the literature. For example, [165, 140] define a list of 13
properties by which to judge the suitability of diﬀerent landscape connectivity indices. These properties were grouped into (i) properties desirable for landscape indices in general (namely, whether
the value range of the index is bounded, whether the index can be computed for both vector and
raster data and whether it is sensitive only to the underlying spatial pattern and not to the pixel
size, or in other words, the subpixel resampling), (ii) properties related to the adequate response
of the index to changes that may aﬀect the landscape (for example, whether the index indicates a
lower connectivity when there is a greater distance between habitat patches, whether the maximal
value of the index is obtained when the whole landscape is covered by a single habitat, and whether
the index in question indicates a lower connectivity the more the habitat is fragmented into a higher
number of patches, while the total habitat area remains the same), (iii) properties related to the
ability of the indices to prioritize the most relevant landscape changes (namely, whether the index
detects the loss of the biggest patches as being the most important change, whether it detects the
importance of key stepping-stone patches - patches whose loss causes other parts of the habitat to
become isolated from each other - and whether the index determines some stepping-stone patches,
those whose loss does not aﬀect the connectivity of the majority of the remaining habitat area, to be
less important important). A final property introduced in this study is the insensitivity of indices
to the existence of adjacent habitat patches, a property that has practical importance as this type
of landscape layout is frequently encountered in real-life applications.
Important algorithms. Due to the rapid improvement of GIS technology and of the quality
of digital elevation models (DEMs), most indices dealing with sediment connectivity are based on
rasters - a data format that consists of a grid of cells where each cell contains a value representing
information e.g. elevation and/or spatial location. [79] further distinguished such indices based on
the approach used (i.e.raster-based, eﬀective catchment area, object-/network-based approaches).
For the purposes of this review, we will briefly describe two of the most commonly used connectivity indices: the Index of Connectivity (IC), a raster-based metric, and the Integrated Index of
Connectivity (IIC), a network-based metric.
The Index of Connectivity (IC). The IC [30] is one of the most widely used GIS-based sediment
connectivity indices and was developed in the context of soil erosion studies ([79]). IC computes
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potential connectivity between sediment eroded from hillslopes and the channel system based on
topographic and land use data as inputs, and is determined by the ratio between upslope and
downslope components of connectivity (further elaborated in the 3.3.1.2 section below). IC is defined
in the range of [ 1, +1], with higher values indicating that the local hillslope is producing more
sediment and presents higher connectivity to the river channel. As a raster-based approach, each
cell in the subject area (as represented by the input rasters) has its own IC value.
Other indices have been proposed using diﬀerent factors that influence connectivity, such as surface properties, vegetation, land-use, rainfall, and others ([79]).
Important parameters/notions. The IC evaluates the sediment connectivity of a point in a
hillslope to another point in the catchment with the following parameters: drainage area, slope,
roughness and downstream path length. IC is determined using GIS software and consists of upslope
(Dup ) and downslope (Ddn ) components given by the equation:
ICk = log10 (

Dup,k
)
Ddn,k

(16)

where Dup is the upslope component, referring to the potential downward routing of sediment
produced upslope (i.e. the expanse of the area above a specific point in the hillslope which may
contribute water and sediment that may eventually flow through the said point), and Ddn is the
downslope component, referring to the flow path length that a particle needs to travel to reach the
nearest sink/target area (i.e. the length from the same point in the hillslope towards a stream or an
accumulation area, following a trajectory that the flow may take). The subscript k denotes the IC
as calculated for each cell k. Both components include as parameters a weighting factor W related
to impedance to sediment movement, as well as slope gradient S ([79]). Dup is estimated by:
p
Dup = W S A

(17)

where W is the average weighting factor of upslope contributing area (dimensionless), S is the
average slope gradient of the upslope contributing area (m/m), and A is the upslope contributing
area(m2 ). Ddn is given by:
Ddn =

X
i

di
W iSi

(18)

where di is the length of the flow path along the ith cell (m), W i and S i are the weighting factor
and the slope gradient of the ith cell, respectively. Subsequent studies have proposed variants of
the IC including modifying the weighting factor to relate to surface roughness or to account for
antecedent moisture.
Software availability. The IC can be readily implemented in a GIS environment. [47] also developed a free, open source and stand-alone application (SedInConnect; [47]) for the computation of IC.
Eﬃciency. Computational complexities for computing these indices have been described low to
medium ([79]), although a small increase in accuracy, by using a higher resolution DEM, may disproportionately increase computation time due to the increase in the number of cells that need to
be evaluated.
Strengths and weaknesses of the algorithm. Among diﬀerent approaches to quantify sediment
connectivity, indices are simple for a quantitative description of the potential sediment delivery between catchment compartments. However, indices are often limited to static representations of the
structural connectivity and do not provide information about fluxes and functional connectivity.
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Nevertheless, there have been attempts to calculate the values of connectivity indices at diﬀerent
time points, thus enabling a temporal analysis of changes in connectivity ([61]). In the case of IC
values, another known weakness is that index values are biased by the resolution of the DEM used
([79, 165]).
The Integrated Index of Connectivity (IIC).
As opposed to raster-based indices, network-based metrics use representations that connect diﬀerent
landform-scale units rather than raster cells. Subsequently, such metrics are used to investigate the
properties of individual nodes or of the entire network
The IIC was initially developed as a patch-based index for assessing habitat connectivity in
landscape ecology ([140]), where two nodes are considered to be connected if dispersal of the target
species from one node to the other exceeds a predefined threshold - a so-called binary connection
model ([57]). The IIC is a network-scale index, giving an overall degree of connectivity of the system
as opposed to describing the connection of any individual node.
Important parameters/notions. The IIC is calculated based on the patch area and number of
links between each two patches (nodes) in the network, based on Eq. (3):
Pn Pn
ai aj
IIC =

i=1

j=1 1+nlij
A2L

(19)

where AL is the total landscape area (the entire study region, adding together both habitat and
non-habitat patches and expressed in km2 for example), ai and aj are the areas of patches i and j
respectively and nlij is the length (number of links) of the shortest path between them. Values range
from 0 to 1, with a value of 1 corresponding to the hypothetical case where the entire landscape is
occupied by habitat, which is therefore represented by a single patch, and a value of 0 in the case of
a landscape that is completely disconnected.
Suitability. Diﬀerent indices may be preferable in various applications based mostly on data availability (for example, in the case of raster-based metrics, the DEM resolution available for the study
area) as well as the spatial and temporal scale of interest. Furthermore, the definitions of specific
indices may also impact their ability to produce desired outcomes, as illustrated by the comparison
of several landscape connectivity indices by [165], concluding that the Probability of Connectivity
Index (PC), another network-based index, described briefly in section 3.3.1.1, showed improvements
over IIC which only accounts for binary connections (two habitat patches are either connected or
disconnected in this representation of the landscape) as opposed to the probabilistic model of dispersal of the PC index (where links between two patches are weighted according to the probability
of dispersal of an organism from the first patch to the second).
Software Availability. Network-based indices can be computed using either Matlab-based (the
Brain Connectivity Toolbox) ([160]) or R-based packages (iGraph) ([49]).
Discussion and Comments. There is a degree of overlap between indices and models. However, a
conceptual diﬀerence can be drawn, as illustrated in Figure 8, with a major factor being the degree to
which processes are accounted for. The arrows in this figure symbolize the use of indices in creating
models (A) and the use of models in supporting indices (B). For example, in a "lumped" model (
i.e. where the scale of the modeling unit is greater than that of the processes being represented), full
process representation cannot be achieved and thus system connectivity would have to be include3d
in the model formulation as a parameter, in the form of a connectivity index (arrow A).
Interdisciplinarity. Connectivity indices have been developed specifically based on the concepts
and variables related to the discipline of concern. Notably, such metrics have been developed as a
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Figure 8: Taken from ([79]), illustrates the diﬀerent domains that models and indices respectively
occupy from a conceptual standpoint. The x axis indicates the spatial unit (from lumped to spatially
distributed representations)/spatial resolution (from coarse to fine) is represented and the y axis,
the extent to which processes are accounted for.
basis for decision making in the field of ecology ([38]) - as is the case of slope-area indices - as well
as in the study of hydrology ([4]) - for example, the IIC ([140]) - before being adapted by geomorphologists ([79]).
Application of use of one of the methods described in your domain. [61] calculated IC
maps in order to investigate the role of land cover, vegetation distribution and topographic barriers
in determining sediment connectivity in two subcatchments. The IC variant used here was weighted
using the cover and management factor (C factor) of the Revised Universal Soil Loss Equation
(RUSLE), representing the combined eﬀect of interrelated plant and management variables - such
as plants, soil cover, soil residue, and management practices - on erosion ([219]). Comparisons
between the two study areas revealed that sediment connectivity reflected land cover proportion.
Furthermore, comparing results for diﬀerent times of year showed that connectivity was higher in
summer than spring. The IC maps (Fig. 9) also allowed for erosion hotspots to be identified and
potentially included in land management strategies.
[57] used the IIC to illustrate the potential of network-based metrics in formulating eﬀective
conservation strategies for riverine systems. A river system in Hungary was modeled as a graph,
representing river segments (habitat patches) as nodes linked by confluences. The authors calculated
the values for IIC as well as another common topological connectivity index, Betweenness Centrality
(BC), for diﬀerent conservation scenarios with the aim of prioritizing habitats for conservation.
Specifically, each node was systematically removed and the relative decrease in IIC was calculated in
order to represent the importance of the respective node in maintaining connectivity in the system.
In this study, the ai and aj values (Eq.19) were calculated by multiplying the segment length by
approximate width as well as a Conservation Value (CV) factor based on ecological risk to the fish
assemblage in the respective node. This factor was determined for each segment species by giving
diﬀerent weights to the numbers of fish species occurring within the segment depending on whether
they were endangered, rare, abundant, endemic or introduced. Multiplying with the CV resulted in
a “quality weighted area”. This approach allows for a prioritization of conservation targets in case
of limited resources that is informed both by network topology and ecological considerations.
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Figure 9: From ([61]), the topological data of the study site (a) and the C factor derived from
remotely sensed data (b) were used to compute the IC map of the area(c).
3.3.2

Measuring Connectivity using Correlation, Coherence, Wiener-Granger Causality, Mutual Information Methods

In this section we discuss three more methods for measuring connectivity: Correlation, Coherence,
Wiener-Granger Causality and Mutual Information Methods. We outline common approaches that
are used to quantify connectivity in desperate complex systems such as the human brain, cities,
social organizations and ecosystems.
3.3.2.1 Specific Background Complex systems can be conceptualized based on the characteristics of their components, processes and dynamic interactions, which include inputs, outputs and
external limitations [27]. These systems are made up of interconnected components at diﬀerent
scales [221]. As a result, understanding the emergence of complex systems necessitates the consideration of connections between various elements at multiple scales [9]. Connectivity is defined
as the level of connectedness within a system [194], which can be further subdivided into structural and functional connectivity. There are diﬀerent ways of measuring structural and functional
connectivity, with structural connectivity dependent on the physical linkages in a complex systems
where as functional connectivity describes the connectivity flows of information/resources along the
structural template [194] [27].
In this section, we focus on methods for measuring functional connectivity based on time series
and event-based data. For example, in order to measure functional connectivity based on correlation,
we can represent n-variable observations and simulation data as follows:
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X1 = (X1t : t 2 T )
X2 = (X2t : t 2 T )
..
.
Xn = (Xnt : t 2 T )
Where ‘n’ the dimensions of the data, ‘t’ the common variable on which the data are structured on
and ‘T’ an index set. It is common for ‘t’ to represent time or frequency, setting the data in the
time-domain or frequency-domain respectively.
The method used to measure connectivity in a complex system is determined by the type of
data available. For example, In the field of Neuroscience, researchers work with neuroimaging data
from Electroencephalography (EEG) and Magnetoencephalography (MEG) experiments. In either
of the two types of experiments the electric/magnetic activity of the brain is recorded by a number
of sensors placed around the surface of the head. EEG and MEG data are signals (e.g. X1 , X2 , ...Xn
,n is the number of sensors) in time domain sampled at a specific sampling frequency. Most often,
neuroscientists want to see if there is any correlation between the signals recorded by diﬀerent sensors.
This approach is called connectivity analysis at the sensor level [84]. Moreover, the EEG/MEG
data can also be used to reconstruct the activity at the diﬀerent regions of the brain using diﬀerent
source reconstruction techniques [72, 214]. In that case, connectivity analysis can also be performed
between pairs of diﬀerent regions of interest (ROIs) of the brain. In general, methods that estimate
the correlation between two signals are very often used in Neuroscience as a tool for studying the
function and structure of the brain [168].
Earth’s ecosystems are another example of complex systems, with their emergence dependent
on the presence of various biotic and abiotic components, as well as the associated ecogeomorphic
processes and climatic perturbations [191]. Furthermore, in earth ecosystems we may have eventbased functional connectivity, for example connectivity responses driven by rainfall events [193].
The quantification of connectivity is dependent on the magnitude of flows between the nodes. In
a complex system, the structural connectivity network associated with flow pathways is generally
represented by a static-physical template along which potential movement of resources/information
is possible. Furthermore, functional connectivity is represented in terms of dynamic flow magnitude
[193]. Furthermore, we consider a weighted and directed network Aij , where each node is defined
by a event-based activity Ei (t), i=1,.., N. We can measure the propagation of a signal through the
system by following how a local perturbation in the steady-state activity of a source node n impacts
the activities of all remaining nodes in the system, giving rise to the linear response matrix. The
propagation of a signal through the system can be measured by observing how a local activity at
source node n aﬀects the activities of remaining nodes, yielding the linear response matrix.
3.3.2.2 Measuring Connectivity using Correlation
The correlation between two time-series measures their linear dependence typically by means of
the Pearson coeﬃcient [21]. For two sampled signals x(t) and y(t) the correlation is given by Eq. 20:
Pn
(xi hxi)(yi hyi)
p
rxy = Pn 1
,
(20)
P
hxi)2 n1 (yi hyi)2
1 (xi
where n is the length of the time-series, and h.i indicates average over time.
For time-series, we can rewrite Eq. 20, by means of the temporal average of the product of the
z-scored signals zx and zy , as in Eq. 21:
rxy = hzx zy i,
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(21)

the z-scored time-series for a given signal can be obtained by first subtracting it from its average
and then by taking the ratio with its standard deviation, as follows: zx = (x hxi)/ x . In this way,
the z-scored signal will have zero average and unit variance.
The correlation is bounded between 1 and 1. Negative values indicate a linear dependence with
negative slope between x and y (e.g., growth in x corresponds to decrease in y), and the opposite
for positive values. For rxy = 0 the two signals are uncorrelated.
In Fig. 10, we illustrate the value, on top of the scatter plots, of rxy for diﬀerent relations between
x and y. In Fig. 10(a), the values of rxy for x and y go from completely correlated (left) to completely
anti-correlated (right) are shown. In Fig. 10(b) we show that even though correlation captures the
strength and the nature (inversely or directly proportional) of the linear dependence, it does not
reflect the actual value of the slope. Furthermore, being a measurement of linear dependence, it
cannot capture the non-linear dependence between the two variables as depicted in Fig. 10(c). The
latter issue can be surrounded by using a generalized version of correlation named mutual information
which also captures non-linear dependencies (see Section 3.3.2.5).
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Figure 10: Several sets of (x, y) points, with the correlation coeﬃcient of x and y for each set. Note
that the correlation reflects the strength and direction of a linear relationship (a), but not the slope
of that relationship (b), nor many aspects of nonlinear relationships (c). Image in public domain at
https://commons.wikimedia.org/wiki/File:Correlation_examples2.svg.
In Eq. 20 and 21, the correlation between the signals is measured for an entire period. However,
for non-stationary time-series, i.e., for signals with dynamic statistical moments [220], one might be
interested on how the correlation evolves in time, since transition in correlation may be linked to
experimental condition, for instance in neuroscience increase/decrease of correlation may be linked
to diﬀerent task conditions.
The first approach that can be used to obtain a dynamic correlation is by computing rxy for
segments of the signals, which can be achieved by employing a sliding window of length w, in this
case only the observations inside the window would be used to compute rxy [114]. Naturally, this
method would be dependent on the choice of w. A second approach would be to measure the timeseries of co-fluctuations, which can be easily done by dropping the temporal average in Eq. 21 [22],
this method would be more susceptible to fluctuations present in the signal while in the first those
fluctuations would be smoothed for suﬃcient large windows, but overall the methods are equivalent
and the choice of which one to use should be considered depending on the context and type of signals
analysed.
To illustrate, consider the signal x(t) which consists of n = 1000 samples and sampling frequency
of 1 in arbitrary units, and is normally distributed around zero mean with unit variance, and another
signal y(t) given by y(t) = x(t) + ✏(t) for t < 500 (rxy > 0) and y(t) = x(t) + ✏(t) for t
500
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(rxy < 0). By construction, the average correlation should be close to zero which is misleading
in this case (value shown in the top of the Fig. 11). Fig. 11 shows the windowed correlation for
non-overlapping windows of size w = 5 (black), w = 15 (orange), and the co-fluctuation time-series
(blue). All the measurements captures the transition in correlation at t = 500, however, as stated
above the co-fluctuation time-series is more “noisy” since it captures the small fluctuation present in
the signal, with the sliding window approach the correlation time-series is well smoothed, but the
choice of w will impact the measurement, in this simple example notice that for w = 15 the precision
about the right transition time is slightly lower.

Figure 11: Time-resolved correlation between a pair of signals x(t) and y(t) given by y(t) = x(t)+✏(t)
for t < 500 (rxy > 0) and y(t) = x(t)+✏(t) for t 500 (rxy < 0). In blue, we show the co-fluctuation
time-series, in black and orange the windowed correlation for w = 5 and w = 15, respectively.
Important parameters/notions used by the method To compute the correlation one need a
pair of time series. In particular, for the windowed correlation, it is important to properly set the
window size used.
Suitability. The method is more suitable when one wants to derive the correlation between signals
that are linear dependent.
Software Availability. There is no particular algorithm that is used to compute correlation given
that at it is simply the application of Eq. 20, however many computer languages have built-in
functions to compute correlation, such as , Matlab (corrcoef (A), Python/NumPy (corrcoeﬀ) and
R (cor.).
3.3.2.3 Measuring Connectivity using Coherence
The analysis of time series is essential to reveal potential signatures of a signal that may be linked
to experimental conditions, tasks or events related to a given experiment. However, it is not always
an easy task to identify those “markers” by only inspecting the signal in the time-domain. For that,
usually the time series is analysed in the frequency rather than in the time-domain. In fact, the
Fourier theory has been widely used not only in to encode information in telecommunication systems
[163], but also in many natural sciences such as physics [86], geosciences [188], and Neuroscience
[44].
The analysis of the signal in the frequency domain is achieved by means of the so-called Fourier
transform. In short, the Fourier transform of a signal x(t) can be obtained by means of Eq. 22,
and it returns a Fourier coeﬃcient that displays how much of each oscillatory frequency (or spectral
content) is contained in the signal [86].

40

x̃(f ) =

Z

T

dte2⇡if t x(t)

(22)

0

where T is the length of the signal and x̃(f ) is the Fourier transform of x(t).
The range of frequencies present in the signal depends on the sampling interval t used, and
also on the length T of the signal. In particular, the range of frequencies analysed will go from 0 Hz
to the sampling frequency defined as fs = 1/ t at steps of 1/T which is the slowest frequency that
can be produce in the window T .
Usually, the spectral content of a signal is analysed by means of its power spectrum density
(PSD) rather than by the Fourier coeﬃcients obtained by Eq. 22. The power spectrum is defined as
the squared Fourier coeﬃcients as in Eq. 23.
hx̃(f )x̃⇤ (f )i
,
(23)
T
where x̃⇤j (f ) is the complex conjugate of x̃(f ). Here, h.i represents the average over many realizations
(or repetitions) of the signal x(t).
To illustrate the concept of the power spectrum we use a simple example. In Fig. 12 we consider
two sinusoidal signals, the first with frequency 1.0 kHz, and the second with a component with 1.5,
and other with 2.0 kHz. Both signals where contaminated with Gaussian noise. Since, for each
sine, the predominant oscillatory frequency is their natural frequency the spectrum should display
clear peaks at 1.0 kHz for the first sine and 1.5, and 2.0 kHz for the second. Furthermore, since
Gaussian noise has evenly distributed power for all the domain frequency we should also observe
small fluctuation for the rest of the frequency domain, as it in fact happens (this fluctuation could
be smoothed, for instance, if one takes the average power spectrum for many realizations of the
signal).
Sxx (f ) =

Figure 12: Power spectrum for two sinusoidal signals (the first with frequency 1.0 kHz, and the
second with 1.5, and 2.0 kHz), both signals where contaminated with Gaussian noise with average
power ⇡ 5 Hz. The power spectrum of signal X(t) (in blue) exhibits a peak in 1.0 kHz, and Y (t)
(in orange) exhibits a peak in 1.5, and 2.0 kHz as expected.
As already discussed, the power spectrum shows the frequency content of the signal, however
when it comes to connectivity measurements one has to estimate how much power content is shared
between two time series x(t) and y(t). In order to derive a spectral measurement of correlation we
first define the cross-spectrum between two signals as:
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hx̃(f )ỹ ⇤ (f )i
,
(24)
T
note that Sxy (f ) will be complex valued. In particular, it carries information of the amplitude of
power shared in each frequency and of the phase between x(t) and y(t).
2 ) between x(t) and y(t) as the ratio of the absolute
Next, we define the squared coherence (Cxy
value of the cross-spectrum by the product of the two auto-spectrum as given by Eq. 25.
Sxy (f ) =

2
Cxy
(f ) =

|Sxy (f )|2
Sxx (f )Syy (f )

(25)

The coherence is equivalent to the correlation discussed in Section 3.3.2.2 but for the frequency
domain. However, diﬀerent from the correlation, the coherence is constrained between 0 (no correlation) and 1 (maximum correlation) for each frequency.
As an illustrative example, consider the auto-regressive process defined by Eq. 26
X1 (t) = 0.55X1 (t

1)

0.8X1 (t

2) + CX2 (t

X2 (t) = 0.55X2 (t

1)

0.8X2 (t

2) + ✏2 (t).

1) + ✏1 (t),

(26)

auto-spectra

Here, the variable t is the time step index, such that the actual time is t0 = t t = t/fs . Besides,
we know by construction that X2 (t) influences X1 (t) through the coupling constant C (although the
opposite does not happen). The terms ✏1 (t) and ✏2 (t) are defined to have variance equals to 1 and
covariance 0 (they are independent random processes). Also, by construction this system is mostly
correlated for f ⇡ 40 Hz. To obtain a smooth power spectrum, we simulated 5000 repetitions of the
system in equation (26) and computed the average spectra across trials. We set the parameters as
C = 0.25, fs = 200 Hz and T = 25 s, resulting in 5000 data points.
In Fig. 13(a) we show the auto-spectra for X1 (t) (S11 (f )) and X2 (t) (S22 (f )) both signals exhibit
a 40Hz predominant rhythm, but this eﬀect is stronger for X1 (t). In Fig 13(b) we show the coherence
between X1 (t) and X2 (t), they exhibit coherence for the range of frequencies from 20 to 60 Hz, and
the peak is at 40 Hz as expected.

Frequency [Hz]

Frequency [Hz]

Figure 13: (a) Auto-spectra and (b) squared coherence measured for the system given by Eq. 26.
In this section we have showed that the coherence metric can be used not only to capture the
correlation between signals but also in which frequencies it is predominant. However, the measurement is not able to extract information concerning the directionality in which this correlation takes
place. For instance, in the example in Eq. 26 there is a clear directionality from X2 to X1 that is not
reflected in the coherence in Fig. 13(b). In the next session we will discuss the Granger Causality a
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measure that aims to capture the information transfer between the signals, hence being able to also
retrieve the directionality of the relation between time-series.
Important algorithms that solve the problem specified. The main and most basic algorithm to estimate coherence is the discrete fast Fourier transform (FFT) [45]. For smoother spectral
estimation one could use Welch’s method [213]. For time-frequency decomposition the main algorithms/methods available would be the windowed Fourier transform, the wavelet transform and the
multitaper transform [188, 11].
Application of coherence metric in neuroscience. To illustrate the application of coherence
metric in neuroscience we reproduce the computational model with two cortical areas V1 and V4
from Mejias et. al., 2016 [124]. This model simulates the rate activity of each of those two regions
and connected them based on empirically derived anatomical connectivity. Fig 15(a) shows the
coherence between those two cortical areas which demonstrate that this circuit is most correlated
(or connected) at 10 and 40 Hz.
Important parameters/notions used by the algorithm/method. To estimate the coherence
it is necessary, apart from at least a pair of time-series, to have the length T , the sampling frequency
fs of the signals.
Suitability. The method is suitable for measuring linear dependence between two time-series in
the frequency domain.
Software Availability. Some software providing codes for the estimation of coherence are the
followings:
• Python/SciPy implementation:
https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.welch.html
• Matlab implementation:
https://www.mathworks.com/help/signal/ref/mscohere.html
• Python/Elephant: implementation
https://elephant.readthedocs.io
• Matlab/FieldTrip implementation:
https://www.fieldtriptoolbox.org/
• Python/MNE implementation:
https://mne.tools/stable/index.html
3.3.2.4 Measuring Connectivity using Wiener-Granger Causality (GC)
Given two stochastic variables, x(t) and y(t), there is a causal relationship (in the sense of Granger)
between them if the past observations of y help to predict the current state of x, and vice-versa. If
so, then we say that y Granger-causes x. Granger was inspired by the definition of causality from
Norbert Wiener [217], in which y causes x if knowing the past of y increases the eﬃcacy of the
prediction of the current state of x(t) when compared to the prediction of x(t) by the past values of
x.
Causality inference via GC has been widely applied in diﬀerent areas of science, such as: prediction of financial time series [203, 39, 53], earth systems [162], atmospheric systems [175], solar
indices [6], turbulence [6, 186], inference of information flow in the brain of diﬀerent animals [36, 54,
122, 83, 172], and inference of functional networks of the brain using fMRI [77, 111], MEG [147], and
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EEG [18]. It appears as an alternative to measures like linear correlations [116], mutual information [92], [112], partial directed coherence [13], ordinary coherence [65], directed transfer function [94],
spectral coherence [103], and transfer entropy [169, 200], being usually easier to calculate since it
does not rely on the estimation of probability density functions of one or more variables.
Autoregressive processes form the basis for the parametric estimation of the GC, so next we
introduce the basic concepts of such processes [32]. A process x(t) is autoregressive of order n (i.e.,
AR(n)) if its state at time t is a function of its n past states:
x(t) =

n
X

ai x(t

(27)

i) + ✏(t),

i=1

where t is the integer time step, and the real coeﬃcients ai indicate the weighted contribution from
i steps in the past, to the current state t of x. The term ✏(t) is a noise source with variance ⌃
that models any external additive contribution to the determination of x(t). If ⌃ is large, then
the process is weakly dependent on its past states and x(t) may be regarded as just noise. Fitting
the autoregressive coeﬃcients ai and the noise variance ⌃, for a recorded signal, is usually done by
solving a Yule-Walker set of equations [58, 54].
It is also possible to estimate GC non-parametrically by means of the spectral and cross-spectral
densities [68, 51], however here we focus on the standard formulation.
First, we define the GC in time domain. For that consider two stochastic signals, x1 (t) and
x2 (t). We assume that these signals may be modeled by autoregressive stochastic processes of order
n, independent of each other, such that their states in time t could be estimated by their n past
values:

X1 (t) =
X2 (t) =

n
X

i=1
n
X

ai X1 (t

i) + ✏1 (t),

(28)

ci X2 (t

i) + ✏2 (t),

(29)

i=1

where the variances of ✏1 and ✏2 are, respectively, ⌃11 and ⌃22 , and the coeﬃcients ai and ci are
adjusted in order to minimize ⌃11 and ⌃22 .
However, we may also assume that the signals x1 (t) and x2 (t) are each modeled by a combination
of one another, yielding
x1 (t) =
x2 (t) =

n
X

i=1
n
X

ai x1 (t
ci x2 (t

i) +
i) +

i=1

n
X

i=1
n
X

bi x2 (t

i) + ✏⇤1 (t),

(30)

di x1 (t

i) + ✏⇤2 (t),

(31)

i=1

where the covariance matrix is given by
⌃=



⌃⇤11 ⌃⇤12
.
⌃⇤21 ⌃⇤22

(32)

Here, ⌃⇤11 , ⌃⇤22 are the variances of ✏⇤1 and ✏⇤2 respectively, and ⌃⇤12 = ⌃⇤21 is the covariance of ✏⇤1
and ✏⇤2 . Again, the coeﬃcients ai , bi , ci and di are adjusted to minimize the variances ⌃⇤11 and ⌃⇤22 .
If ⌃⇤11 < ⌃11 , then the addition of x2 (t) to x1 (t) generated a better fit to x1 (t), and thus enhanced
its predictability. In this sense, we may say there is a causal relation from x2 to x1 , or simply that
x2 Granger-causes x1 . The same applies for the other signal: if ⌃⇤22 < ⌃22 , then x1 Granger-causes
x2 because adding x1 to the dynamics of x2 enhanced its predictability.
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We may summarize this concept into the definition of the total causality index, given by
✓
◆
✓
◆
⌃11 ⌃22
⌃11 ⌃22
F1.2 = log
= log
.
⌃)
det(⌃
⌃⇤11 ⌃⇤22 (⌃⇤12 )2

(33)

If F1.2 > 0, there is some Granger-causal relation between x1 and x2 , because either ⌃⇤11 < ⌃11 or
⌃⇤22 < ⌃22 , otherwise there is correlation between x1 and x2 due to ⌃⇤12 > 0. If neither Grangercausality nor correlations are present, then F1.2 = 0.
To know specifically whether there is Granger causality from 1 to 2 or from 2 to 1, we may use
the specific indices:
✓
◆
⌃22
F1!2 = log
,
(34)
⌃⇤22
✓
◆
⌃11
F2!1 = log
,
(35)
⌃⇤11
✓ ⇤ ⇤ ◆
⌃11 ⌃22
F1$2 = log
,
(36)
⌃)
det(⌃
such that

(37)

F1.2 = F1!2 + F2!1 + F1$2 ,

where F1!2 defines the causality from X1 (t) to X2 (t), F2!1 is the causality from X2 (t) to X1 (t),
and F1$2 is called instantaneous causality due to correlations between ✏⇤1 and ✏⇤2 . Just as for the
total causality case, these specific indices are greater than zero if there is Granger causality, or zero
otherwise.
In the frequency domain, we define the components of GC I2!1 (!) as:
✓
◆
S11 (!)
I2!1 (!) = log
,
(38)
⇤ (!)
H̄11 (!)⌃11 H̄11
and analogously, I1!2 (!),
I1!2 (!) = log

S22 (!)
⇤ (!)
Ĥ22 (!)⌃22 Ĥ22

!

.

The instantaneous causality index I1$2 (!) is defined as:
⇣
⌘
⇤ (!)
⇤ (!)
H̄11 (!)⌃11 H̄11
Ĥ22 (!)⌃22 Ĥ22
I1$2 (!) = log
,
det(S(!))

(39)

(40)

The variable H(!) is a transfer function that can be estimated via the auto-regressive coeﬃcients
matrix H(!) = A(!) 1 . However, the derivation of the expression above would be too extensive
for this document but can be found elsewhere [54, 51, 113]. The terms S1 1, S22 are the autospectra discussed in Section 3.3.2.3 and S is the spectral matrix containing the auto-spectra in the
oﬀ-diagonal and the cross-spectra in the main-diagonal.
In equations (38) to (40), we have one index for each value ! of the frequency. Conversely, in
the time domain there was a single index for the GC between the two signals x1 and x2 . Just as
discussed for the GC in time-domain, the indices I2!1 (!), I1!2 (!) and I1$2 (!) are greater than
zero if there is any relation between the time series. They are zero otherwise.
Just like in the time domain, the total GC in the frequency domain is the sum of its individual
components:
✓
◆
S11 (!)S22 (!)
I(!) = I2!1 (!) + I1!2 (!) + I1$2 (!) = log
.
(41)
S (!))
det(S
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The total GC is related to the coherence C12 (!) (see Section 25) between the signals:
I(!) =

log(1

C12 (!)).

(42)

I(!) =

log(1

C12 (!)).

(43)

Moreover, we recover the GC in time domain through [54, 51]:
Z !f
1
Fi!j =
Ii!j (!)d!.
!f !0 !0

(44)

To illustrate, we compute the GC for the same system used in Section 3.3.2.3 given by Eq. 26.
In Fig. 14 between X1 (t) and X2 (t), we can see that the profile is very similar to the coherence
measured in Section 3.3.2.3, however, now we could also extract the directionality of the relation
between the two variables.

Figure 14: Granger causality in the frequency domain between X1 (t) and X2 (t) defined by Eq. 26.
Finally, we measure the GC for the same V1-V4 cortical circuit from Fig. 15(a). Fig. 15(b)
shows the GC between these two cortical areas, notice that diﬀerent from coherence GC also gives
the directionality of the connectivity (hence resulting in a directed graph). In this case, GC reveals
that V1 is the regions that leads the communication at 10 Hz and V4 at 40 Hz.

(a)

(b)

Figure 15: (a) Coherence between V1 and V4 in the model from [125] (b) Granger-causality between
V1 and V4 circuits for the same model.
Important algorithms that solve the problem specified. As the coherence discussed in Section 3.3.2.3 the spectral estimation can be done using either FFT, wavelet of multitaper transforms.
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For the spectral GC a algorithm called Wilson’s algorithm [218] to decompose the spectral matrix
in a transfer function and a covariance matrix is also employed.
Suitability. The method is suitable to test the causality between two signals that can be represented by means of an autoregressive process (linear).
Software Available Here is a list of available software for estimating causality:
• Matlap/MVGC implementation:
https:// users.sussex.ac.uk/ ~lionelb/ MVGC/ html/ mvgchelp.html
• Python/Frites implementation:
https://brainets.github.io/frites/overview.html
• Python/Elephant implementation:
https://elephant.readthedocs.io
• Matlab/Fieldtrip implementation:
https://www.fieldtriptoolbox.org/
• Python/MNE implementation:
https://mne.tools/stable/index.html
3.3.2.5 Measuring Connectivity using Mutual Information
Related Background. Mutual information (MI) is a measure of the interdependence of two
random variables, and it was firstly defined by the famous mathematician Claude Shannon in his
very high impact paper ‘A Mathematical Theory of Communication’ in 1948 [173]. More specifically, it quantifies the amount of information that could be obtained about one random variable by
observing the other random variable. The concept of MI is based on information theory because it
uses the entropy of a random variable. The entropy of a random variable quantifies the expected
‘amount of information’ contained in the random variable. Furthermore, MI is a model-free functional connectivity measure since it does not assume any linear relationship with respect to the
kinds of interactions between the two random variables [100]. Thus, MI calculates both the linear
and non-linear interdependence between two signals. It can also be used for both real-valued and
imaginary-valued random variables.A general discussion about the measure of MI can be found in
the great article of Borst and Theunissen 1999 [31].
Let’s assume that we have two random variables (X,Y) over the space X ⇥ Y , the MI is
calculated as the diﬀerence between the joint distribution of the two variables (X, Y) and the
marginal distributions of X and Y. The MI of two discrete random variables in terms of probability
mass functions is given by Eq. 45:
✓
◆
X
X
p(X,Y ) (x, y)
I(X; Y ) =
p(X,Y ) (x, y) log
,
(45)
y2X
x2Y
pX (x)pY (y)
where p(X,Y ) is the joint probability mass function of X and Y , and pX , pY are the marginal
probability mass functions of X and Y ,respectively [46].
For continuous random variables the double sum is replaced by a double integral as shown in
Eq. 46:
✓
◆
Z Z
p(X,Y ) (x, y)
I(X; Y ) =
p(X,Y ) (x, y) log
dxdy.
(46)
pX (x)pY (y)
Y X
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The units of MI for log base 2 are bits. MI is equal to 0 if the two random variables are
independent and it is always positive and symmetric (I(X; Y ) = I(Y, X)). The amount of data used
to construct the probability function can influence positively or negatively the performance of the
method. The method may not give correct results with limited amount of data samples. The more
the data used to construct the probability functions (histograms) the more accurate the results of
the method.
MI can also be expressed in terms of the entropy of the signals, as shown in Eq. 47:
I(X, Y ) = H(X) + H(Y )

H(X, Y ),

(47)

where H(X), H(Y ) are the marginal entropies of X and Y respectively and H(X, Y ) is the joint
entropy of X and Y .
The simple form of MI as presented above, is an undirected connectivity measure meaning that
it does not give information about any possible flow of information and the direction of flow between
two signals. To clarify, the estimated MI value between two equal length signals both centered at
the same point in time just tell us how much information the two signals have in common. The MI
measure intrinsically does not account for any temporal structure in the data since the probability
distributions of the data are used. This means, that even if we randomly shuﬄe the values in
a random variable the estimated MI will be the same. However, if we shift the one signal with
respect to the other and then we calculate the MI (do this for a number of diﬀerent time delays)
we can extract information about any possible flow and directionality of the MI present in the two
signals [20].The calculation of time delayed MI for the random variables X and Y can be expressed
in terms of entropy as shown in Eq. 48:
I(X, Y ; ⌧ ) = H(X) + H(Y )

H(X, Y ; ⌧ ),

(48)

where H(X), H(Y ) are the marginal entropies of X and ⌧ -shifted Y , respectively, and H(X, Y ; ⌧ )
is the joint entropy of X and ⌧ -shifted Y [89]. The most common formulas for the calculation of
the entropy, is the standard Shannon entropy as defined by Claude Shannon [173] and the Renyi’s
entropy which is a generalization of the concept of information entropy [153]. For a given random
variable X, the Renyi’s entropy is given by Eq. 49 and the Shannon’s entropy by Eq. 50:
!
n
X
1
H↵ (X) =
log
p↵x (i)
(49)
1 ↵
i=1

H1 (X) = lim H↵ (X) =
↵!1

n
X

px (i) log(px (i))

(50)

i=1

where px (i) is the probability of the value of x falling in the bin i, after all the values of the random
variable X have been grouped into n bins for the creation of the discrete probability distribution
px . The parameter a denotes the order of the Renyi’s entropy. The higher the value of a the more
emphasis is given to the largest components of px [102]. In the limit of ↵ ! 1, the same emphasis
is given on all the components of the probability distribution, and the Renyi’s entropy is equal to
the standard Shannon’s entropy (see Eq. 50). The same formulas are used for the calculation of
the joint entropy of two random variables X and Y by using the joint probability distribution pxy
instead of the marginal distributions px or py .
Important algorithms that solve the problem specified. There exist a number of diﬀerent
ways for calculating the MI between two random variables. The most common methods is using
the Shannon’s entropy and the Renyi’s entropy. Some other examples of MI estimators are the
Kernel Density estimators [127], entropy estimates from k-nearest neighbor distances [100] and a
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more recent method called Gauss Copula [88]. Here we describe the basic steps of the algorithm for
estimating MI using the Shannon’s or Renyi’s entropy.
The goal of the algorithm is to solve the Eq. 47. Some implementations of the algorithm take
as input discrete data (e.g integer numbers) and others are more general and can take as input
continues data as well (e.g real numbers). Therefore, in the case of the former type of algorithms,
the first step is to discretize the real-valued variables. The real-valued variables are discretized by
a multiplication with a weighting factor and then rounded up to integer numbers. The weighting
factor should be such that the two continues signals are described as best as possible using integer
numbers.The second step of the algorithm is to construct the marginal probability mass functions
pX , pY of the two input signals X and Y and their joint probability mass function p(X,Y ) . The
probability distributions are constructed using a user-specified number of bins or the number of bins
is selected automatically by the algorithm. As a next step of the algorithm, the marginal entropies
H(X), H(Y ) and the joint entropy of H(X, Y ) are calculated using the Shannon’s or Renyi’s entropy
Eq. 49. Finally, the Eq. 47 or Eq. 48 is used to estimate the MI or the time-delayed MI between the
two signals, respectively.
Important parameters/notions used by the method. For the MI connectivity measure, the
most important parameters used as inputs for this method is first, the number of bins n (see Eq. 49)
that the data will be split for the construction of the probability distributions, and second, the parameter a in Eq.49. The number of bins n defines the level of detail we want to look into the signal,
and consequently the value of MI. For example, by using a very small number of bins we might only
be able see the envelope of the signal and thus MI would be present if there is a similar envelope
patterns in the two signals. Converselu, if we use a very large number of bins, we can also see the
small changes in the values of the signals.Therefore, depending on the level of detail we want to look
into the signals we select the number of bins accordingly. The higher the number of the bins we use
to represent the data, the more computationally costly the algorithm becomes and thus we should
always select the number of bins carefully. Some algorithms have automatic procedures for selecting
the number of bins. The parameter a determines the order of the Renyi’s entropy. The role of this
parameter is to adjust the weight we give to each of the components i of the probability distribution
for the calculation of the entropy. Selecting a value of a > 1 means that the entropy of the variable
will be calculated with more emphasis to the bins of the distribution with higher probabilities.
Eﬃciency. In general, the time complexity of the method depends on the implementation. Although, MI is more computationally costly than other simpler connectivity measures such as the
Correlation coeﬃcient, it is still quite eﬃcient in terms of computational time. Furthermore, the
time complexity of the algorithm depends on the number of bins used for the construction of the
probability distributions. The higher the number of the bins the more time it takes for the calculation of the entropies.
Software Availability. There are many software/source codes available that calculate the MI
between two signals. However, diﬀerent software might use diﬀerent MI estimators. Free available
software/source code for estimation of the Mutual Information include the following:
• http://www.cs.man.ac.uk/~pococka4/MIToolbox.html
• https://brainets.github.io/frites/overview.html
• https://github.com/robince/gcmi
• https://nl.mathworks.com/matlabcentral/fileexchange/35625-information-theory-toolbox
• https://nl.mathworks.com/matlabcentral/fileexchange/35625-information-theory-toolbox
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• https://github.com/Craigacp/MIToolbox
Application of the Mutual Information Method as a Connectivity Measure in the field
of Neuroscience. In Neuroscience, researchers often use correlation techniques in their research
for two main purposes. Firstly, when working with functional data of the brain (e.g EEG/MEG
recordings) it is useful to study the exchange of neural information (electrical activity of the brain)
between two spatially distinct regions in the brain. In other words, to quantify the functional
connectivity between two regions in the brain by finding the common patterns in the electrical
signals generated by populations of neurons located in two distinct brain areas. The same analysis
can be performed on the sensor level, between signals recorded from diﬀerent EEG or MEG sensors.
The MI method is very often used in Neuroscience because it captures both the linear and nonlinear relations between two random signals. In figure 16 we can see an example of MI estimation
between two signals captured by EEG and MEG sensors, respectively. The second main purpose of
the use of MI in Neuroscience is for the construction of the functional connectivity matrix which can
subsequently used for the creation of a network or graph. Given a relatively high number of regions
of interest (e.g 100-1000) in the brain (or a high number of sensors) someone might need to construct
a network describing the functional connections (links of the network) between the diﬀerent regions
(nodes of the network). In order to do that, we need a connectivity measure to find which pairs of
nodes are functionally connected. In Fig. 17 we see a visual representation of a weighted adjacency
matrix constructed by calculating the MI value between activation curves from 998 regions of the
brain.

Figure 16: Time-delayed MI map between an EEG signal generated by neurons in the thalamus of
the brain and an MEG signal generated by neurons in the somatosensory area 3B. The x-axis shows
the latency in seconds in respect to the referent signal(EEG) and the y-axis is the time-delay between
the referent and the recipient (MEG) signal. The MI value is estimated for a number of time delays
(y-axis) at every latency (x-axis). The blue contours show the areas (latency and time-delay) where
the two signals have high MI value. This MI map can give us information about the existence of MI,
the timing as well as the direction of information flow.The data used to generate this graph were
shared by the author of the article [7] Dr. Marios Antonakakis.
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Figure 17: Mutual information value in logarithmic scale estimated between activation curves from
998 regions in the brain. The x and y axis show the number of the nodes. Bright colors represent
high functional relationship between the nodes while darker colors show no functional connection
between the nodes. The activation curves where extracted by source localization using MEG data.
The functional data used to generate this graph were collected in the study of Prof. Andreas
Ioannides [89]. Information about the location of the 998 regions of interest was found from the
open access data of the study [81]

3.4

Input-Output Analysis as a connectivity method

In this section we discuss Input Output Analysis as a connectivity method.
3.4.1

Specific Background

3.4.1.1 Input Output Analysis (IOA) Input Output Analysis is a structural approach to
economic analysis. It was initially developed by Nobel Laureate Wassily Leontief (1936) to evaluate
interdependencies between economic sectors ([126]). Leontief built on the work of Quesnay’s 1758
Tableau Economique on economic interdependencies and on Leon Walras’s work about production
coeﬃcients. At the heart of input-output analysis (IOA) is the basic input output (IO) table as
indicated in Figure 18. Each box represents a matrix except for total output and input which are
vectors.
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Figure 18: Example of a basic Input-Output transactions table (Source: adapted from [126]).
The basic table shows the flows, quantified (usually) as monetary transactions, between industries
over a one-year time period. It is compounded by a set of linear relationships describing the flows
of money from each industry to the others and to itself (supply chains). Each industry behaves
as a producer and consumer of goods and services, therefore the model captures the inter-industry
transactions represented in the Z matrix. The number of industries can vary between dozens and
hundreds, depending on the level of aggregation and how industries are grouped by statistical oﬃces.
The payment matrix W provides monetary flows from other factors of production, such as wages,
government taxes, interest payments on capital, profits and adjustment to inventories. The final
demand matrix Y , further records the sales by each sector to final consumers, such as households,
government, investment and foreign demand (exports). Finally, we also have Total Outlays (X 0 ),
which is the sum of Z and value added inputs (W ), i.e. X = Z + W ; and Total Output (X), which
is the sum of inter-industry transactions (Z) and Final Demand (Y ), i.e. X = Z + Y . The central
rationale of IO tables compares to that of an accounting tool: inputs (X 0 ) and outputs (X) need
to be equal. These tables and their underlying equations are then used for modelling purposes in
Input-Output Analysis (IOA) as explained next.
As mentioned above, the Transaction Table (Z) can be described as a set of linear equations in
a matrix form. It is formed by n industries, being the selling sector (row) indexed as i, and the
purchasing sector (column) indexed as j, each inter-industry transaction is denoted as zij . Total
output of a specific industry will be the sum of all intermediate transactions between that industry
and the rest plus aggregated final demand (Y ):
xi = zi1 + zi2 + . . . + zin + Yi

(51)

which leads to

xi =

n
X

zij + Yi

(52)

i

Another important element of the input-output framework are the technical coeﬃcients (aij ).
The technical coeﬃcients show the proportion of inputs purchased by sector j from sector i in
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relation to the total output of sector j, expressed (usually) in monetary terms. They are useful to
analyse the impact of changes in a particular industry for the larger economy. There are, however,
certain assumptions built on these coeﬃcients. The first important assumption to take into account
is the one of constant returns to scale. This implies that technical coeﬃcients are fixed in nature,
meaning proportional increases in inputs and outputs. The second assumption is the one of strict
complementarity, which means that inputs are assumed to be used in fixed proportions. When these
assumptions are met, the first equation can be rewritten as:

aij =

Zij
Xj

(53)

being Zij the inter-sectoral sales of sector i to sector j and Xj is the total production of sector j.
then:
(54)

X = AX + Y
thus,
X = (I

A)

1

Y

(55)

where (I A) 1 is called the Leontief inverse.
The Leotief inverse is crucially important within the Input-output framework since it captures
the direct and indirect requirements of production necessary to satisfy a given final demand. It’s
the central element for modelling changes in IOA.
IOA has one simple and central built-in mechanism of control of the results for both the IO
tables (when built) and the modeling: inputs and outputs need to be equal. If mistakes are inserted
in the calculation this immediately shows up as the model not squaring up. Other than this, we
are not aware of any algorithms or mechanisms used to evaluate the specific results obtained in the
modelling process. Equally, it is not common to run sensitivity analysis or similar.
A classic example for an IOA application is the assessment of the expected usefulness of economic
stimulus packages by governments. For instance one could investigate which sector, if supported with
government aid, would provide the biggest boost to the economy in terms of GDP or jobs. Or using
a more progressive Degrowth perspective: which sectors - if supported - could best help to bring
about a more sustainable, just and equal Degrowth society.
IOA can be nicely combined with vectors that provide information about the employment a
sector provides, the emissions it causes etc. The latter is called “environmentally extended IOA”
(EE-IO) ([126]). This allows for example to identify sectors with the least direct and indirect carbon
emissions (see further details in the following paragraphs).

3.4.1.2 Multi-Regional Input-Output Analysis (MRIOA). In a single region/single country IO model, it is assumed that the imported goods and services are being produced using the
same technology as the domestic technology in the same sector/industry. In other words, it does not
diﬀerentiate between domestic and foreign technology. Such limitations can be overcome by MultiRegional Input-Output Analysis (MRIO). By - simply put - combining the IO tables of several
countries or regions, it recognizes diﬀerent production structures. Technically, the domestic technical coeﬃcient matrices are combined with the matrices from other countries and regions, forming one
large coeﬃcient matrix, which is able to capture the whole trade links and corresponding feedback
eﬀects. By default, because the techno-structure of each region contains this information e.g. it
shows how much coal (vs. other energy sources) is used for producing electricity in a specific region.
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Figure 19: The structure of an EE-MRIO table (source: [184])
Similar to EE-IO, social (e.g. jobs, work-accidents, etc.) or environmental extensions can be
combined with the MRIO table. Environmental extensions (collected in an EE-MRIO table) can
trace back the environmental impacts along with the multi-regional upstream and downstream value
chains, associated with the production and consumption of commodities. The structure of an EEMRIO table is shown in table 19.
An EE-MRIO table resembles a classic IO table, as shown above, that total output (X) equals
the intermediate inter-sector sales (AX), plus the final demand (Y ). Apart from addressing the
interdependencies of the sectors from diﬀerent regions, the environmental extension row is also
incorporated here. It means that the environmental footprints (E) are associated with the production
of each economic sector, and such extension indicators are embedded with the economic flows among
diﬀerent regions illustrated in the transaction matrix (Z). It is classified as neither the inputs nor
outputs in the IO table, but rather the attributes of the nodes (i.e. sectors).
Illustrated by [126], the transaction matrix of an n-regional model will be:

Letting
, and
matrix equations, of the form:

(I

, now we have (I

A)

1

X1

A12 X 2

A)X = Y , which represents a set of n

...

A1n X n = Y 1

(I

Ann )X n = Y n

...
An1 X 1

An2 X 2

...

The interconnections among regions in the MRIO model are captured through trade coeﬃcient
tables, made of trade flows that are estimated by sector. The interregional trade coeﬃcient is denoted as:
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ZiLM
, where ZiLM is the monetary flows of goods in sector i from region L to region M,
TiM
and TiM is the total shipment of goods in sector i into region M from all the regions in the model.
Adding the trade coeﬃcient matrix into the n-regional model, we have:
CiLM =

(I
...

C 11 A1 )X 1

C n1 An X n

C 12 A2 X 2

C n2 An X n

It can be written as (I

...

. . . + (I

C 1n An X n = C 11 Y 1 + C 12 Y 2 + . . . + C 1n Y n
C nn )An X n = C n1 Y n + C n2 Y 2 + . . . + C nn Y n

CA)X = CY , with solution X = (I

CA)

1 CY

.

Now we add the environmental extension vector, that e is the matrix of direct environmental
impact intensity (i.e. resource extraction and emissions) per economic activity. Therefore the level
of total environmental impacts can be expressed as e⇤ = eX, where e⇤ is the vector of environmental
impact levels (i.e. resource use, pollution). We can calculate the solution as:
e⇤ = [e(I CA) 1 ]CY . In other words, e⇤ is the matrix of environmental impact coeﬃcients, which
can also be extended to multiple indicators. It reveals the total emission impact generated per unit
worth of final demand in the multi-regional economy.

3.4.2

Problem Specification

Input Output Analysis is a highly eﬀective tool to empirically investigate the economic role of a
specific sector beyond its “direct” (and known or easy to measure) eﬀects on the economy (contribution to GDP, wages, value-added, tax revenue and exports). Its major strength therefore is to
include the analysis of the “indirect eﬀects”, which are the eﬀects that a sector with its direct and
indirect supply chains can exert on the economy through the established input-output transactions
between the other economic sectors. For any item to be produced in the economy all “cogwheels” of
that economic systems need to turn as all sectors are interlinked with each other in an endless loop
that is captured by the Leontief inverse. For instance, a bicycle manufacturer assembles bicycles and
directly buys parts from other sectors e.g the tires from the tire manufacturing industry. However
the tire manufacturing industry also buys from many other sectors - some we may not think about
e.g. food for the canteen from the agricultural sector. Agriculture again needs machines that it buys
from the respective sector, etc. etc. With the Leontief inverse IOA accounts for all these indirect
eﬀects and shows them per one unit of production in the sector under consideration.
3.4.3

IOA as a connectivity Method

IOA/MRIO databases also provide a weighted graph dimension that could be integrated into a
multilevel network structure and thereby help advance Connectivity Science with regards to complex
network structures. In this approach, economies or industries are treated as nodes, while flows
(money, physical resources, etc) are treated as edges. Both are captured in the transaction matrix
Z. Furthermore, IOA allows us to evaluate the linkages between sectors and the interconnection
of each sector in the economy. This is especially useful to identify and evaluate the diﬀerent role
of industries/economies within the complex network in order to eﬀectively target policies tackling
specific issues (e.g., such as policies targeted at promoting energy security ([40])).
bij =

Zij
xi

wherezij is the input of sector I to sector j; xi is the total output of sector i.
Then, the so-called Ghosh inverse matrix, the inverse output matrix, is calculated.
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G = (I

B)

1

Subsequently, to calculate forward-linkages for sector i (F Li ) one takes the row sums of G, and each
row sum thus reveals the total value of intermediate sales of sector I as a proportion of the value of
I’s total output.
F Li =

n
X

gij

n
X

aij

j=1

BL on the other hand refers to the interconnection of a particular sector with those sectors from
which it purchases inputs. Backward linkages can be simply calculated as:
BLj =

i=1

in which the strength of the backward linkage of sector j is calculated
by the sum of the elements
P
in the jth column of the direct input coeﬃcient matrix (namely ni=1 aij ).
The diﬀerent values for these linkages derives, according to [126], into a four-ways classification
of economic sectors: (1) independent sector, when both linkages are less than 1; (2) dependent
sector (highly connected sector), when both linkages are greater than 1; (3) dependent sector on
interindustry supply, when only BL is greater than 1; and (4) dependent sector on interindustry
demand, when only FL is greater than 1.
Input-output analysis oﬀers many extensions to deal with broader research questions regarding
social accounting ([152]), regional economy analysis ([90, 109]) or environmental input-output extensions ([201]). The latter being a very powerful tool linking economic activity with environmental
and natural resource use.
By counting up- or downstream ripple eﬀects and thereby direct and indirect eﬀects of changes,
IOA gives a much more complete picture of the potential impacts of interventions. IOA for instance
revealed a long time ago already, that service sectors are not as “clean” as often assumed, because
of their “dirty” direct and indirect connections with the rest of the economic structure (e.g. [1]).
Input-output tables also provide information about the structural importance of sectors and can
be used in combination with SNA (see [95]) to show their centrality in the system. For instance
[95] have used a combination of forward linkages, direct and indirect price eﬀects from the Leontief
price model (a variant of the classic IOA model) and outdegree centrality from SNA to determine the
overall vulnerability of an economic system due to their specific sector composition. I.e. identification
of critical nodes and their vulnerability to specific price shocks.
3.4.4

MRIOA as a Connectivity Method

EE-MRIO has the advantages of presenting the whole linkages between consumption and production
via the global trade of goods and services, as well as properly accounting for the consumption-based
environmental impacts that are associated with international trade and meeting final demands.
For the latter perspective, it challenges the traditional territorial-based approach that focuses on
producer responsibilities. In other words, all environmental impacts (i.e. emissions and resource
use), together with employment and added value created by the industries, are directly linked with
the final consumption of products ([189]). The literature on environmental accounting is also referred
to as footprint study, which has empirically covered indicators such as carbon emission ([145, 189,
216]), land use ([148, 174]), biodiversity loss ([107, 128, 199]).
In other words, EE-MRIO plays a critical role in identifying local production hotspots and tracing
social and environmental impacts embedded in global trade. EE-MRIO, therefore, plays a critical
role in debates over “decoupling environmental impacts from economic activity” (e.g. [73, 139], etc.);
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pollution havens ([222]7), environmental justice ([82]), etc. as it reveals the impacts e.g. in terms of
emissions caused in other regions across the globe by domestic consumption. This type of analysis
for instance revealed that if accounting for footprints, the UK did not meet the Kyoto targets as
claimed back then. Domestic reductions in emissions were simply a result of its closing down of
dirty industry in favor of cheaper Chinese imports (e.g. [75]).
However, the datasets are usually only available at the national level, without lower-level spatial
specification. It means that the footprint analysis can only trace back to the sector level of the
given country, although spatially the environmental impacts vary diﬀerently. To deal with this,
EE-MRIO has been combined with the spatially explicit assessment based on the development of
remote sensing technologies, and high-resolution global land cover maps. Such work can be directed
to [183, 184].
3.4.5

Quality function/measures

One way to evaluate the correctness of the IO table is to apply the same specific IO model (there
are several variants) to older datasets and then cross-check with actual economic developments. For
instance, if critical nodes (sectors) for a specific issue are identified in past datasets, if this is somehow
confirmed in later datasets (e.g. via the evolution of their technical coeﬃcients). Similarly, given
certain desirable criteria (e.g. to maximize quality jobs), one could experiment with identifying the
best possible combination of critical sectors (or phasing out the most vulnerable ones). This is an
exciting field for future research that could be advanced with connectivity science, as this is not an
issue currently investigated with IOA to our knowledge.
3.4.6

Interdisciplinary

The input-output models have been mainly used for economic planning and social, environmental
impact analysis of the local, regional and global interindustry networks. It can be applied in various
economic sub-disciplines including agriculture, transportation, tourism, infrastructure, energy, etc.,
widely used by researchers, policy-makers, and practitioners ([209]). It oﬀers insights into issues
related to labor, tax, environment, resources utilization, among others.
Throughout the years of development, input-output models have been advanced by forming into
hybrid models with other methods such as material and energy flow analysis ([69]) ecological network
analysis ([41]), social network analysis ([148]), life cycle assessment ([143, 181]), computable general
equilibrium ([159]) and linkage analysis ([210]).
3.4.7

Available Software

Available related software programming tools include R; STATA; Python; Matlab.
Available databases for IOA/MRIO include:
• Input-output databases can be found in National Statistical Oﬃces
• OECD Inter-Country Input-Output (ICIO) Tables covers OECD countries from 2005-2013.
• OECD Harmonised National Input-Output Tables (IOTs) covers all OECD countries and 28
non-member economies (including all G20 countries), covering the years 2005 to 2015.
• OECD/WTO Trade in Value Added database: The 2015 edition of the TiVA database includes
61 economies covering OECD, EU28, G20, most East and South-east Asian economies and a
selection of South American countries. The industry list includes 34 sectors, among which 16
manufacturing and 14 services sectors. The years covered are 1995, 2000, 2005 and 2008 to
2011.
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• Asian Development Bank, multi-regional input-output tables (ADB-MRIO): It covers five
Asian countries (Bangladesh, Malaysia, Philippines, Thailand and Viet Nam). The years
covered are 2000, 2005-2008, and 2011.
• Eora covers around 190 countries with 15,909 sectors from 1990-2015;
• EXIOBASE covers 48 countries and regions with 200 products and 163 industries;
• WIOD covers 43 countries (28 EU countries and 15 other major countries) with 56 sectors
from 2000 to 2014.
• Here are some available public repositories:
1. This R-package provides various methods for EE-MRIO, supporting EXIOBASE3 and
EORA databases: https://github.com/DvP17/mrio
2. This Python-package provides the analysis of global EE-MRIO, supporting EXIOBASE,
EORA26, and WIOD: https://github.com/konstantinstadler/pymrio
3.4.8

Discussion and comments

IOA/MRIO provides a number of large databases in the form of IO or MRIO tables - a combination
of matrices and vectors as described above. Entries are monetary values and, through the deflation
of monetary values, also an indicator of physical changes in transactions among sectors. There are
also some physical tables, however, their applicability for modeling is limited due to the diﬀerences
in units.
This repository of big data enables tests of hypotheses driven by Connectivity Science: The
relevance of critical nodes in networks, the relations between structural and functional connectivity between sectors within and between countries, emerging hypotheses in Connectivity Science
regarding resilience and catastrophic transitions, among others. For instance, [95] used a Leontief
price model (an IOA variant) to measure the relative sector vulnerability (approximated by price
increases), when stimulating a price shock in another sector (oil in their case). Such analysis can for
instance guide the transition towards a post-carbon economy.
IOA/MRIO can provide an analysis of the structure of the flow system between industries, which
in turn unveils its relation to its functions and shed some light on its potential evolution through
time ([123]). In addition, the structure of inter-industry flows can provide information about the
relevance of critical nodes in networks. Examples of critical nodes are specific economies that act
as hubs, bridges, or bottlenecks by controlling large in-between flows ([182]) or as collectors and
distributors of large flows ([136]).
In addition, global input-output databases can be used in combination with community detection algorithms to explore cluster formation and structural and functional relationships between
intra- and inter-flows ([40]). For instance, [110] combined the degree of centrality and community
detection of complex networks with MRIO, to explore the flows and structural characteristics of
the international metal trade, and validated the theory of small-world nature of the global metal
network.
Through the Environmental Extension, but also through Social Accounts, the monetary weights
of economic ties between sectors can also be transformed into a number of physical and social
“footprint” ties.
3.4.9

Application of IOA as a Connectivity method

We summarize here a previously published paper in which input output analysis was used to assess
the vulnerabilities of specific economic sectors to the threat of Peak Oil ([95]). The study focuses
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on the US economy, which is the biggest consumer of oil and oil-based products in the world. The
results reveal the relative importance of individual economic sectors, and how vulnerable these are
to oil price shocks. This dual-analysis helps identify which sectors could put the entire U.S. economy
at risk from Peak Oil.
The analysis follows these two steps below, covering three models:
1. Firstly, we measure sector-level vulnerability, using the Leontief input output Price Model
(LPM). For this purpose, we use the expected increase of a sector’s output prices, after an
assumed oil price hike as a proxy of its vulnerability. The price model is the mathematical
dual of the traditional demand-pull input-output quantity model (or Leontief Model) ([126]).
It provides a reasonable estimation of prices, as in the short-run there is little time for adaptive
substitution eﬀorts. Moreover, the model does not take into account final demand changes due
to consumer behavior.
2. Next, we analyze which of these sectors are most important to the US economy. We measure
importance via two approaches: one beingforward linkages (FLA) using input-output analysis
(IOA), which considers the direct and indirect contribution of a sector to GDP and is thus
a measure of relative “monetary importance” and the other being outdegree centrality22 from
social network analysis (SNA), which provides an indication of the “structural importance” by
looking at how integral a sector is to the overall economy, ignoring monetary flows.
Figure 20 synthesizes the findings of the three models mentioned. Our results show the highest
sector-level vulnerabilities by carbon black N o124 with a 27% price increase), the petrochemical
industry N o120 with a 22%), and fertilizer manufacturing (№130 with a 12%), and transportation
sectors (up to 11% of the price increase). Two possible policy actions can be made correspondingly,
including moving these key sectors away from Q4 (top right quadrant; being structural and monetary
important) towards Q1 (bottom left quadrant; not important), and finding substitutes from other
sectors, to replace the output of vulnerable ones.
The notable advantage of our approach is that it does not depend on the Peak-Oil-vulnerability
narrative but is equally useful in a climate change context, for designing policies to reduce carbon
dioxide emissions. In that case, one could easily include other fossil fuels such as coal in the model
and results could help policymakers to identify which sectors can be controlled and/or managed for
a maximum, low-carbon eﬀect, without destabilizing the economy.

4

Conclusions

We have presented several connectivity methods originating either from various domains as from
more interdisciplinary ones. In most of the cases, knowledge of the domain is combined with interdisciplinary methods for obtaining some very interesting and promising results. Also, most of the
connectivity methods, even the ones originating from the domain, are indicated to be (able to be)
interdisciplinary ones, opening the era for their investigation, testing and further development so
that to become a useful tool supporting the development of connectivity science both in terms of
theoretical developments within the field and across wide-ranging applications .
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